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ABSTRACT 
FINITE DEFORMATIONS OF A GENERALIZED 
BLATZ-KO MATERIAL 
YIWANG 
In this dissertation, the finite deformations of a certain class of compressible, 
isotropic elastic materials are investigated. The class is characterized by a two-para-
meter family of strain energy functions which includes the well-known Blatz-Ko ma-
terial model for foam rubbers. The Blatz-Ko material, which has been arrived at by 
experiment and whose deformations have been studied previously, is obtained from 
the considered class of materials by specifying one of the two parameters involved in 
the definition of the class. On employing the semi-inverse method, according to which 
the form of the solution is given at the outset in terms of functions which are then 
determined from the equilibrium equations and boundary conditions, closed-form solu-
tions to the equilibrium equations are obtained for the non-homogeneous deformations 
describing the straightening of a sector of a circular tube, the bending of a rectangular 
block into a sector of a circular tube, the eversion of cylindrical and spherical shells, 
and the cylindrical and spherical expansions, and a number of associated boundary 
value problems are investigated using both analytical and numerical methods. Certain 
situations in which solutions of the pre-assigned form cannot exist are identified and 
cases of non-uniqueness are dealt with by discriminating between the different solutions 
on physical grounds. The homogeneous deformations of the materials in this class are 
also examined and, throughout, comparison is being made with the behaviour of the 
Blatz-Ko material. For the whole range of deformations examined, it is found that 
the materials for which one of the parameters is greater than, or equal to, two (the 
case when this parameter equals to two corresponds to the Blatz-Ko material) become 
harder as this parameter increases, but that otherwise they all behave in a similar 
manner. Consequently, it is concluded that the materials in this particular subclass 
will also represent foam rubbers of the type described by the Blatz-Ko material. In 
order to describe the situations in which the solutions become unstable, the conditions 
for the strong ellipticity of the equilibrium equations for non-linearly elastic materials 
are reformulated so as to be expressible in terms of the derivatives of the strain-energy 
function regarded as a function of the principal stretches. Use of these conditions re-
veals that the solutions to the considered boundary value problems become unstable 
at certain critical values of the applied loads. 
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Chapter 1 
Introduction 
1.1 Motivation and aim 
Since the early 1940's, there has been enormous progress in the development of the the-
ory of finite elasticity. Significant theoretical results, many confirmed by experiments, 
have projected considerable light on the physical behaviour of rubber-like materials 
such as synthetic elastomers, polymers, and biological tissues, in addition to natural 
rubber. This success has since brought numerous interdisciplinary publications in other 
important areas of physical science, which include thermomechanics, electromechanics, 
etc. and the foundations laid for the theory of finite elasticity now support. new fields 
of study, such as couple stress and multipolar continuum theories. Consequently, the 
finite elasticity theory has attracted an intensive attention from many researchers. 
As is well known, one of the conceptual differences between problems of the clas-
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sical linear theory of elasticity and those of the theory of finite elasticity is that the 
specification of the form of the strain energy function, which represents the constitutive 
relation of a specific material, is generally an inherent part of problems of the finite 
elasticity theory, whereas in the classical theory one need only specify the material con-
stants occurring in the generalized Hooke's Law. This is not a trivial difficulty since the 
rubber-like materials considered in the finite elasticity theory each behave differently 
and both the form and parameters of the material model (strain energy function) need 
to be determined experimentally. Unfortunately, there is relatively little experimental 
work reported in the open literature. Such work is reported by Rivlin & Saundcrs 
[1], Fung [2], Blatz & Ko [3], Vcronda & Westman [4], Christensen [5], Fong & Penn 
[6], Flory & Tatara [7], Ogden [8], Peng & Landel [9], and reviews have been given 
by Treloar [10] and Ogdcn [11]. By combining theoretical and experimental results 
some material models have been proposed, which include the neo-Hookean material, 
the Mooncy-Rivlin material, and the Blatz-Ko material (cf. [12, Section 2.9]). It is 
known that the latter is used to describe foam rubbers, which belong to the category of 
compressible isotropic elastic materials. Nevertheless, new forms of the strain energy 
function arc still needed to suit the wide diversity of rubber-like materials, and this 
need provides the motivation for the present study. Accordingly, the aim of this study 
is to assess the suitability of a certain theoretical material model (which generalizes 
the Blatz-Ko material) to represent foam rubbers. 
10 
1.2 The Blatz-Ko material 
With the intention to include the effect of compressibility of rubbery materials, in 1962, 
Blatz & Ko proposed a strain energy function W in the form [3]: 
where fl, .f, v are constants and 
. 1-2 1-2 1-2 
l2 = -"1 + -"2 + -"3 ) (1.2) 
Here A; are the principal stretches and JL, v are material constants corresponding to the 
ground state shear modulus and the Poisson's ratio respectively (see Chapter 2 of this 
thesis for notations of the theory of finite elasticity). With a view toward determining 
the material constants in the material model ( 1.1 ), Blatz & Ko also reported their 
experimental results on a batch of polyurethane foam rubber in [3]. The foam rubber 
was prepared by leaching out salt from a filled composite. The resultant foams have 
47 vol.% voids, about 40 IL in diameter, and was tested in uniaxial, strip biaxial, and 
homogeneous biaxial tension on an lnstron machine. A summary of their experimental 
results is presented in Table 1.1. Thus, it follows that in the case of a 47 vol.% foamed 
polyurethane rubber the material model (1.1) reduces to 
( 1.3) 
11 
Type Test /-L (p.s.i.) J V 
Simple tension 38 0.13 1/4 
Strip-biaxial tension 29 0.07 1/4 
Homogeneous-biaxial tension 27 -0.19 1/4 
Average value 32 0 1/4 
Table 1.1: Experimental results. 
It is of interest to note that two of the samples in Blatz & Ko's uniaxial test fractured 
at 140% strain (the corresponding stretch is 2.4) and that they observed that these 
are the values beyond which the sample is caused to snap by a slight increase in load. 
According to their comments, although these so-called ultimate values say nothing 
about the details of the fracture mechanics, they give an upper bound to the strain 
level beyond which fracture initiates in a given sample. Also we realize that the above 
mentioned experimental result imposes a restriction upon the material model (1.3) in 
practice. This material model (1.3) is well known as the Blatz-f{o materi.al and has 
attracted an intensive attention from many researchers [13, 14, 15, 16, 17, 18, 19]. 
In 1975, Knowles & Sternberg reported their results on the ellipticity of the equa-
tions of finite elastostatics for the Blatz-Ko material, in which they have obtained 
explicit necessary and sufficient conditions, in terms of restrictions upon the principal 
stretches, for the strong ellipticity of the material [13]. In their following work [20], 
they discussed the failure of ellipticity and the emergence of discontinuous deformation 
12 
gradients in plane finite elastostatics for the Blatz-Ko material, in which it was revealed 
that "Elastostatic shocks" exist when the governing equations of equilibrium suffer a 
loss of ellipticity. Knowles & Sternberg's work also imposes restrictions upon the ma-
terial model ( 1.3) in the sense that it provides us with upper and lower bounds for 
the ratio of the principal stretches which when violated, imply that the corresponding 
solutions are unstable (see [47, Section 68b]). 
In their work on the Poisson function of finite elasticity, Beatty & Stalnaker [21] 
derived the Poisson function for the Blatz-Ko material and the relations of the Poisson 
function to the classical Poisson's ratio were discussed in details. Also they have 
shown that the material model (1.1) is the unique hyperelastic material for which the 
coefficients in the Cauchy stress response relation depend on i 3 alone. 
Since 1985 systematical research in finding closed-form equilibrium solutions for 
non-homogeneous deformations of elastic solids composed of the Blatz-Ko material has 
been carried out. This work was initiated by Abeyaratne and Horgan [15] who have 
obtained closed-form solutions describing the expansion of a cavity in an infinite body. 
Using the substitution employed in [15] for solving the radial equilibrium equation, 
closed-form solutions describing the radial deformation of hollow spheres and cylinders 
have been obtained in [22, 16] (see also [23]). Discussions on the radial expansion prob-
lem in the case of uniform pressure, either internal or external, reveal that (i) these 
axisymmetric solutions only exists when the pressures are within a certain interval, 
(ii) the strong ellipticity condition is violated for certain critical values of the applied 
13 
pressures, and (iii) non-uniqueness of the solution exists for the boundary value prob-
lem. In 1990, several closed-form equilibrium solutions for the Blatz-Ko material were 
presented by Can·oll & Horgan in [17], which include deformations that describe the 
bending of a cylindrical sector into another cylindrical sector, the straightening of a 
cylindrical sector, the bending of a block into a cylindrical sector, the expansion, corn-
paction and the eversion of cylinders or spheres, and the torsion with axial extension 
of circular cylinders or tubes. The torsion problem for this material is also investigated 
in [24] and [25]. In [24] it is shown that axisymmetric anti-plane shear is not possible 
in the material (L.3) (see also [26]) and in [27] and [30] it is shown that pure azimuthal 
shear is also not. possible in this material. 
The Blatz-Ko material model also has appeared in other researchers' publications, 
such as [28] and [29]. 
It is noted that the Blatz-Ko material model is a successful example in finding 
the constitutive relation for a specific material. But more material models are still 
needed to f1t the wide diversity in the characteristics of compressible elastic materials. 
To this end, sirnilar combinative experimental and theoretical work has been done for 
other compressible elastic materials and various material models have been proposed, 
such as the cornpressi ble neo-1-lookea.n ma.terial (cf. [31, 32]), the corn pressi ble Varga 
material [33, 34], the harmonic material [35], etc. Also a great deal work has been done 
in generalizing existing material models to widen the use of these known successful 
models. The various generalizations of the Blatz-Ko material will be discussed in the 
next section. 
1.3 Various generalizations 
In 1988, Willson and Myers considered a strain energy function of the form [36] 
(1.4) 
where n is a material constant and the constraint n 2:: 1 was imposed upon (1.4) so 
as to secure a physical response. It is readily checked that the material model (1.4) 
reduces to the Blatz-Ko material model in the case when n = 1. This material model 
was used in their further work [37]. 
In 1991, Silling used a specific strain energy function in his research on the creasing 
singularity problem, which, in plane strain, is in the form [38] 
(1.5) 
where k, l, and a are material constants, a > 0. He assumed that k 2:: l, k + l > 0. 
This material model is related to the Blatz-Ko material by replacing k with 2 and l 
with zero. 
In 1978, based on principal stretches A;, Hill proposed a particular isotropic form 
of strain energy function [39] as 
(1.6) 
15 
where the summation extends over associated pairs m, c(m) of constitutive parameters, 
n being an additional material constant. The ground state shear modulus is by (1.6) 
and the corresponding bulk modulus is 
"'= (n + ~) 2.:: mc(m). 
Thus, for a stable stress-free ground state to exist, it is required t.hat 
and 
I: mc(m) > 0 
1 
n > --. 
3 
(1.7) 
(1.8) 
( !.9) 
( 1.10) 
It is noted that the material model (1.6) reduces to the Blatz-Ko material (1.3) when 
m 1 = -2, n = 1/2. The material constants in the Hill's material model were determined 
by Storakers' experiments for two vulcanized foam rubbers [40]. For the selected natural 
rubber in their experiment, which is considered to be highly compressible, the material 
constants are 
m 1 = -m2 = 4.5, c(l) = 1.85, c( 2) = -9.20, n = 0.92 (1.11) 
and for the synthetic ethylenepropylendiene rubber, which is considered to be slightly 
compressible, the ma.l.erial constants are 
m 1 = -m2 = :3.6, c(l) = 2.04, c( 2) = -0.51, n = 25 ( 1.12) 
16 
in which the constants c(i) being expressed in 10-2 N mm- 2 
In Haughton's research work on the cavitation in compressible elastic membranes 
[41], 1-Iaughton used a certain form of strain energy function to represent a class of 
compressible elastic materials: 
(1.13) 
where fL and f3 are positive material constants. This is a one-term specialization of 
Hill's strain energy function (n = l/ /3, cf. (1.6)) and this material model represents 
the Blatz- Ko material ( 1.3) when f3 = 2. This material model has also been used by 
Biwa in 1995 in his work on the critical stretch for formation of a cylindrical void [42]. 
According to the work of Aron & Aizicovici [43], the restriction of (1.13) to plane 
strain belongs to a class of strain energies for which the (in-plane) mean Cauchy stress 
corresponding to any purely distortional deformation originating from a given ground 
slate is dominated by the (in-plane) mean Cauchy stress in that ground state. It is 
noticed in [43] Lha.t solid rubbers satisfy the opposite inequalities a.nd thus, despite lack 
of experimental evidence, for f3 -j. 2, we have reason to believe that (1.13) may also be 
capable of describing foam rubbers. 
The above mentioned generalized forms of the Blatz-Ko material have provided us 
with more flexibility and wider choices of material models. We note that, in particular, 
the strain energy function ( 1.13) was obtained by specialization from a family of strain 
energy functions which were supported by experiments and moreover, that (1.13) is 
expected to represent foam rubbers by theoretical analysis. Therefore, we will use this 
17 
material model in this study and we call it the generalized Blatz-K o material. 
1.4 Methods and results 
In this study we investigate the mechanical features of the materials in the class (1.13) 
with f3 of. 2 and comparison is being made with the mechanical features of the Blatz-
1\o material. Such comparative method has been used in literature (see [31, 13]). To 
this end, we need to find closed-form solutions in the context of finite elasticity. As 
it is well known, another conceptual difference between the problems of the classical 
linear theory of elasticity and those of the theory of finite elasticity is the inherent 
non-lineality of the governing equations. This adds considerable difficulty to the prob-
lem of finding exact solutions for problems of finite elasticity, which are very valuable 
and useful in understanding mechanical features of materials and in the design of 
mechanical experiments. In 1954 and 1955, Ericksen has examined the problems of 
finding all of the deformations which can be supported, in the absence of body force, 
in all homogeneous, isotropic incompressible elastic solids [44], or in all homogeneous, 
isotropic compressible elastic solids [45]. The first category consists of all isochoric 
homogeneous deformations and five families of non- homogeneous deformations, the so 
called controllable or uni versa! deformations (see [44] and [46]). The second category 
consists of homogeneous deformations only, i.e., there is no non-homogeneous deforma-
tion which can be supported in every compressible isotropic elastic material without 
applying a body force. This latter result implies that non-homogeneous deformations 
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can be discussed for compressible elastic solids, only in the context of a particular 
strain energy function, or a class of strain energy functions. For compressible elas-
tic solids, in particular, the analysis of such deformations is usually very complicated 
even for simple forms of the strain energy function and very few closed form solutions 
have been obtained. In this study, we first compare the material characteristics of the 
materials (1.13) with f3 -1- 2 with those of the Blatz-Ko material by considering ho-
mogeneous deformations. Specifically, we discuss the isotropic extension, the isotropic 
plane stress, the uni-axial tension, the isotropic plane strain, the plane-strain uni-axial 
tension, and the simple shear deformation. From the analysis of these deformations we 
have obtained the following conclusions: 
(i) For all values of f3 > 0, the distributions of Cauchy and Piola stresses are qualita-
tively similar in the isotropic extension, the uni-axial tension, the isotropic plane strain, 
and the plane-strain uni-axial tension and they indicate that the material hardens as 
f3 in creases. 
(ii) For all values of f3 > l, the distributions of Piola stresses in isotropic plane stress 
are qualitatively similar and they indicate that the material hardens as f3 increases. For 
f3 ::; 1, however, the distributions of Piola stresses corresponding to this deformation 
are qualitatively different from the distributions in the case when f3 > 1, although they 
still indicate that the material hardens as f3 increases. 
(iii) For all values of f3 ~ 2, the distributions of Cauchy stresses in the simple shear 
deformation are qualitatively similar and they indicate that the material hardens as f3 
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mcreases. For f3 < 2, however, the distributions of Piola stresses corresponding to this 
deformation are qualitatively different from the distributions in the case when f3 ;:::: 2. 
In particular for f3 < 2, we can no longer conclude that the material hardens as f3 
m creases. 
Next, we carry out the comparison by considering non-homogeneous deformations. 
We use the semi-inverse method, according to which the form of the solution is given at 
the outset in terms of functions which are then determined from the equilibrium equa-
tions and boundary conditions and, by generalizing the work of Carroll & Horgan [17], 
Abeyarante & Horgan [15], and Chung, Horgan & Abeyaratne [16], we obtain closed-
form solutions to the equilibrium equations for the non-homogeneous deformations 
describing the straightening of a sector of a circular tube, the bending of a rectangular 
block into a sector of a circular tube, the eversion of cylindrical and spherical shells, 
and the cylindrical and spherical expansions. Additionally, also following these authors 
and using both analytical and numerical methods, we investigate a number of associ-
ated boundary value problems and, by means of a qualitative analysis, conclude that in 
respect of these deformations the materials in this class become harder as the material 
parameter f3 increases, but that otherwise they all behave in a similar manner. 
Also, in this dissertation we pay special attention to considerations of stability, 
non-existence and non-uniqueness of solutions since these are incorporated inherently 
with problems in finite elasticity. In order to describe the situations in which the 
solutions become unstable, we reformulate the conditions for the strong ellipticity of 
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the equilibrium equations for non-linearly elastic materials so as to be expressible 
in terms of the derivatives of the strain-energy function regarded as a function of 
the principal stretches. By using these conditions we obtain necessary and sufficient 
conditions, in terms of restrictions upon the principal stretches, for the strong ellipticity 
of the material (1.13) (thereby generalizing the results arrived at in [13]) and find that 
for the six considered non-homogeneous deformations, the solutions become unstable 
for certain values of boundary conditions. (Consequently, we expect that solutions of 
a form different from those assigned initially will describe the deformations in these 
circumstances.) Conditions, in terms of boundary data in which solutions of the pre-
assigned form do not exist, are also described here and instances of non-uniqueness of 
solution are dealt with by selecting on physical grounds the solution which appears to 
be the most plausible. 
On the basis of the qualitative analysis involving both homogeneous and non-
homogeneous deformations we conclude that all of the materials (1.13) for which fJ ::0: 2 
behave in the same manner and, consequently, that the materials (1.13) for which fJ > 2 
also represent foam rubbers of the type described by the Blatz-Ko material ({:J = 2), 
the Blatz-Ko material being the softest material in the subclass defined by fJ ::0: 2. 
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Chapter 2 
Basic concepts and preliminaries 
In this chapter we give an outline of the theory of continuum mechanics and discuss 
some preliminaries. In Section 2.1 we describe the kinematics of particles, in Section 2.2 
we discuss the stress and equilibrium equations, in Section 2.3 we deal with the consti-
tutive equations, and Section 2.4 is devoted to a discussion of various restrictions which 
are imposed upon the constitutive equations including the stability restriction. Lastly, 
Section 2.5 will describes briefly the basic formulas which are pertinent to plane strain. 
These notations can be found in many books (e.g., Truesdell & Noli [47], Truesdell 
[48], Atkin & Fox [12], Spencer [49], Ogden [50], etc.). 
2.1 Kinematics of particles 
Let {0; e;} be a fixed Cartesian coordinate system with an ongm point 0 and an 
orthonormal vector basis{ ei} in a.n Euclidean space of three dimensions. A place is a 
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point in the Euclidean space, denoted by a set of coordinates (X1 , X 2 , X 3 ), or position 
vector X. A body ~ is a set of material points, called particles, each particle of the 
set occupies a place in the Euclidean space, and is identified uniquely by its position 
vector at each instant. of time t. At some reference time t0 , a typical particle occupies 
a unique point in the Euclidcan space, denoted by its position vector X. The position 
vector X is regarded as a label of the particle. We refer to such a particle as the particle 
X. The domain !10 = {X} in the Euclidean space occupied by the body at time t0 is 
called a reference configuration. At time t, the particle moves to a position, denoted 
by its present position vector x, 
x = x(X,t), X E !1o, (2.1) 
or, in component form, 
which means that a particle with position vector x at time t was the particle with 
position vector X at the reference time t0 . The domain !1 = {x} in the Euclidean 
space occupied by the body at time t is called a configuration of the body at time t, 
or a current configuration (see Figure 2.1). We assume that the function x(X, t) are 
differentiable with respect t.o X and t as many times as required. 
We restrict our attention to equilibrium problems only. Thus, we consider only two 
configurations of a body, an initial configuration and a final configuration. We refer to 
the mapping from the initial configuration to the final configuration as a deformation of 
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0 
Figure 2.1: A body in the Euclidean space 
the body. Therefore, the two configurations may be called the undeformed configuration 
and the deformed configuration, respectively. Thus we can omit the timet in (2.1), 
which is now in form 
X = x(X), X E no. (2.2) 
We assume that the Jacobian 
(2.3) 
exists at each point of n and that 
J > 0. (2.4) 
*Letters in boldface denote vectors, second-order tensors, and matrices. Latin and Greek subscripts 
have the respective ranges (1,2,3) and (1,2) . We employ the usual summation convention. 
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The physical significance of these assumptions is that the material of the body cannot 
penetrate itself, and that material occupying a finite non-zero volume in !l0 cannot be 
compressed to a point or expanded to infinite volume during the deformation. Mathe-
matically (2.4) implies that (2.2) can be inverted uniquely. 
We denote 
(2.5) 
and call F the deformation gradient. In view of (2.3) and (2.4), tensor F is non-singular 
and can be decomposited uniquely into 
F=RU, F=VR, (2.6) 
where U and V are positive-definite symmetric tensors and R is a proper orthogonal 
tensor (see the polar decomposition theorem, cf. Spencer [49], Section 2.5, etc.). The 
physical significance of the decomposition (2.6) is that the deformation (2.5) may be 
split into two parts, i.e., a rigid rotation by R followed by a local stretching by U, or 
a local stretching by V followed by the same rigid rotation of R. The tensors U and 
V are known as the right and left stretching tensors respectively. Since the calculation 
of the tensors U and V may be awkward, i.e., may require irrational operations, it is 
customary to use their squares 
(2.7) 
IThe superscript Twill always indicate transposition. 
25 
These are also positive-definite symmetric tensors and are known as the right and left 
Cauchy-Green strain tensors, respectively. Since V (U) is a positive-definite symmetri-
ea! tensor, there exists a set of axes {vi} ( { ui} ), known as the principal axes of stretch, 
referred to which V (U) is diagonal 
3 3 
V= LA;Vi0vi, U= LA;ui@ui; (2.8) 
i=l i=l 
and the diagonal values {Ai} of U (V) are called the principal stretches. U and V (C 
and B) have the same principal stretches A; (An but different principal axes, and R is 
the rotation which carries the principal axes of U into the principal axes of V, that is, 
vi = Rui. The principal invariants {Ii} of the strain tensor C (B) are given by 
11 = trC = >..~ + >..~ + A§, 
(2.9) 
2.2 Stress and the equilibrium equation 
Now we turn to another important factor in continuum mechanics - force. The forces 
acting on a part p of a body ~ in a configuration n at time t are of two kinds: body 
forces fb, which are continuous function of the volume V of p, and the contact force fc, 
which is a continuous function of the surface area A of the boundary op of p. The two 
densities b and t, defined as 
. orb . 8fc 
b = hm 'V, t = hm 'A, 8V~o pu 8A~o u 
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are called the specific body force and the traction, respectively. Here p denotes the 
density of mass. The Euler-Cauchy stress principle assumes that the traction t can be 
expressed as 
t = t(x, n), 
where n is the outer normal to aft! in the deformed configuration. Clearly t depends 
on the position of ff! and the direction of n. It follows through Cauchy's fundamental 
lemma that there exists a tensor T(x), called the Cauchy stress tensor, such that 
t(x, n) = T(x)n. (2.10) 
We consider a body ~ in a configuration 0 in equilibrium. The Cauchy first law of 
continuum mechanics gives the equations of equilibrium as 
divT + pb = 0, on 0. (2.11) 
We regard the body force b as negligible and omit it henceforward. Thus, 111 the 
absence of body forces, the equilibrium equation (2.11) reduces to 
divT = 0, on 0. (2.12) 
The Cauchy second law of continuum mechanics yields 
(2.13) 
that is, T is confined to the space of symmetric tensors. The component form of the 
equilibrium equation (2.12), in terms of the physical components ofT in a Cartesian 
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coordinate system, is 
(2.14) 
and, in a cylindrical polar coordinate system, is 
oTrr ~ oTro oTrz ~(T _ T. ) _ 
OT + T oO + OZ + T TT OIJ - o, 
oTor ~ oToo oToz ~T. _ 
!:\ + !:\O + !:\ + Or - 01 
ur r u uz r 
(2.15) 
oTzr ~ oTzo oTzz ~T _ 
,;) + !:\0 + ,;) + · ZT - 0, u1· r u uz r 
where (r, 0, z) are cylindrical polar coordinates. In a spherical polar coordinate system, 
the component form of equation (2.12) is given by 
01~r 1 oTro 1 07~q, 1 , 
--;:;- + ---;=;-() + -. -0 !:~).. + -(2Trr- Too -1q,q, + cotOTro) = 0, ur r u · r s1n u'+' r· 
oTor 1 oToo 1 oToq, 1 
- + -- + -. --- + -[3T,.o + cotO(Too- Tq,q,)] = 0, Or r o0 r Sill () Oqy r· (2.16) 
oTq,r 1 oTq,o I oTq,q, l ( r, 
--;:;- + - ----;:;-() + -. -() ---;:;- + - 3 Trq, + 2 coUrJ oq,) = 0, 
ur r u r s1n · uqy r 
in which (r, 0, qy) are spherical polar coordinates. 
As the consequence of symmetry of the Cauchy stress tensor T, there exists a set 
of orthonormal axes {ti}, known as the principal axes of stress, referred to which, the 
tensor T is diagonal. The principal values { Ti} ofT are known as the principal stresses 
and we can write 
T = T;t'. (2.17) 
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It is seen that the Cauchy stress tensor T enables us to calculate stress vectors 
measured per unit area of the surface in the current configuration n. In some situations 
it is more convenient to calculate the stress vectors in n measured per unit area of the 
corresponding element of surface in the reference configuration n0 . Therefore, the 
stress tensor S, known as the Piola stress tensor, is introduced to describe the stress 
tensors measured per unit area of the surface in the reference configuration no, and 
this is related to the Cauchy stress through the rule 
S = JTF-T. (2.18) 
In terms of S the equilibrium equation (2.12) and the symmetry condition (2.13) be-
come 
DivS = 0, on no, (2.19) 
and 
(2.20) 
respectively. It is known that the Piola stress S is not symmetric in general. 
2.3 Constitutive equations and the formulation of 
problems 
A material is specified by its constitutive equation which relates the stress with de-
formation. The basic assumption of elasticity is that the stress depends upon the 
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deformation only through the deformation gradient F, i.e., 
(2.21) 
The theory of elasticity based on (2.21) is usually referred to as Ca1Lchy elasticity. It 
is further assumed that there exists a single-valued scalar potential function W(F), 
known as the strain energy /1Lnclion, such that 
(2.22) 
This assumption was given by the justification on physical grounds by Sternberg & 
Knowles [51]. An elastic material which satisfies this assumption is called a hyperelastic 
material, and the theory of elasticity incorporating this further assumption is known 
as Green elasticity or hyperelasticity. The utilization of the principle of material frame 
indifference to the strain energy function W reveals that for hyperelastic materials the 
strain energy function W depends on the deformation gradient F only through the 
strain tensor C, i.e., 
W(F) = W(U) = W(C), (2.23) 
in which case, the stress tensors T and S arc given by 
_? aw(c) aw(c) r 
S- ~F ()C , or T = 2F 1F oC F . (2.24) 
For an isolmpic, hyperelastic material, the strain energy function W is a function of 
the principal invariants {1;} of C (or B) alone and we have 
(2.25) 
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Hence, the use of (2.25) in the last of (2.24) yields the following two useful forms of 
the general constitutive equation for an isotropic, hyperelastic material 
(2.26) 
or, by use of the Cayley-Hamilton theorem, 
(2.27) 
The scalar coefficients a; and (3; are given in terms of the strain energy function by 
(2.28) 
We confine our attention to compressible, isotropic, hyperelastic materials in this 
thesis. Thus, for compressible, isotropic, hyperelastic materials, the constitutive equa-
tion (2.27) based on the principal axes {vi}, defined in (2.8), gives a simple expression 
for the principal stresses { r;} in terms of the partial derivatives of the strain energy 
function (cf. Ogden [50], Section 4.3.4) 
aw 
8>..;' no sum. (2.29) 
The substitution of (2.18) into (2.26) and (2.27) leads to the constitutive relation-
ship for the Piola stress S 
(2.30) 
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and 
(2.31) 
In some situations it is convenient. to express the coefficients (30 ,(31,(3_1 in terms of 
W regarded as a function of principal stretches. From the chain rule for differentiation, 
we have 
aw aw oh 
a> .. ; oh · a>.;· (2.32) 
We denote 
of D - J 
ij = a>., (2.33) 
which, in view of (2.9), are given by 
(2.34) 
)..3 )..3()..~ + )..~) >..i )..~)..3 
Therefore, from (2.32) and (2.33)' one establishes the relation between aw I of; and 
aw ;a>., as 
a1¥ _1 aw 
of; = D,j a>..j' (2.35) 
where D- 1 denotes the inverse matrix of D. The substitution of (2.35) into (2.29) leads 
to 
(2.36) 
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It is noted that the determinant of D will be zero if any two of the principal stretches 
are equal. Therefore, it should be borne in mind that (2.36) is only valid for the 
deformations with distinct principal stretches. 
(2.12) and (2.26) arc the governing equations for the finite deformations of com-
pressible, isotropic, hyperelastic materials. These governing equations should be sup-
plemented by suitable boundary conditions. Three kinds of boundary conditions arc 
introduced, first of them is the traction boundary condition, in which the surface trac-
tion t is given on the boundary an of a body ~ in the deformed configuration n 
t = t, on an, (2.37) 
the second is the place boundary condition, i.e., the position vector x on the boundary 
an of a body ~ in the deformed configuration n is prescribed by 
X= X, on an. (2.38) 
The mixture of the above two kinds of boundary conditions forms the third kind of 
boundary condition, which is called the mixed boundary condition. 
The major problem of the finite elasticity theory, known as the Trucsdcll's problem. 
consists in finding restrictions that arc to be imposed upon the strain energy function 
in order to ensure in analysis a meaningful characterization of physical response, and 
to guarantee appropriate smoothness and existence of solutions. We will come to it in 
the next section. In 1955, Erickscn [45] proved that in the absence of body forces, the 
homogeneous deformations arc the only deformations possible in every compressible, 
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homogeneous and isotropic hyperelastic material. The homogeneous deformations are 
des cri bed as 
X= ~X+S, (2.39) 
where ~ is a constant tensor and S is a constant vector. This result implies that 
non-homogeneous deformations can be discussed, for compressible elastic solids, only 
in the context of a particular strain energy function, or class of strain energy functions. 
Ericksen's result has had a very important effect on the study of non-homogeneous finite 
deformations. Nevertheless, for compressible solids, the analysis of such deformations 
is usually very complicated even for simple forms of the strain energy function and 
very few closed form solutions have been obtained. 
For compressible, isotropic and hyperelastic materials, various kinds of strain en-
ergy function have been proposed. In Section 1.2 of this thesis we have discussed the 
Blatz-Ko material model in details, which represents compressible foam rubber. The 
harmonic materials proposed by John [35] have the form of strain energy function 
where J1 is a positive constant and 1i is a twice continuously differentiable function. 
The material model is known to simplify the nonlinear partial differential equations 
governing the finite elasticity and has attracted many authors' attention [50, 52, 53, 
54, 23, 55]. 
34 
Generalizing from his model for incompressible material, Ogden proposed a strain 
energy function in the form [56] 
(2.40) 
m which, fln, nn are material constants, and the compressibility of the material is 
accounted for by the additive function (. 
It is known that each of the material models listed here could describe a certain 
restricted class of materials. Therefore, new appropriate forms of the strain energy 
function are still needed to suit the wide diversity of properties of compressible, elastic 
materials. 
2.4 Constitutive restrictions and stability 
In order to ensure a. physically realistic response, analytical restrictions are to be im-
posed upon the constitutive equations. The determination of such restrictions is known 
as the Trucsdell's problem and will be discussed in what follows. 
The tension-extension inequality ('f- E) is expressed as 
(T;"- T;)(.Ai- .A;)> 0 if .Ai =f. A;, i = 1, 2, 3, no sum, (2.41) 
which is the requirement that when two principal stretches are held fixed, the third 
should increase with the application of tension, and decrease with pressure. 
The Baker-Ericksen inequality (B-E) asserts that 
(2.42) 
3.5 
which is the expectation that a greater stretch should correspond to a greater stress. 
·Let )'I = A2 = A3 =A so that 71 = 72 = 73 = 7(A) (see (2.29)). The requirement 
that the volume should increase with tension ( 7 > 0) and decrease with pressure ( 7 < 0) 
leads to the pressure-compression inequality (P-C) 
7(A -1) > 0 if A =I 1. (2.43) 
A more restrictive form of P-C inequality is given as 
(2.44) 
For compressible, hyperelastic materials, the substitution of (2.22)1 into the equi-
librium equation (2.19) leads to the displacement equation of equilibrium 
A;ikt(F)xk,ti = 0 on f!o, (2.45) 
where 
(2.46) 
Here A is a fourth-order tensor, called the elasticity tensor. The system of displacement-
equations of equilibrium (2.45) is strongly elliptic (S-E) at the deformation x if and 
only if 
(2.47) 
for every pair of unit vectors m and n. It can be shown that (2.4 7) implies (2.41) and 
(2.42) and it has an interpretation within the theory of the propagation of waves in 
hyperelastic materials (see Truesdell [48], Lecture 18). 
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Now we consider an infinitesimal displacement imposed upon a finite deformation 
x. Let u be the infinitesimal displacement which is compatible with the boundary 
conditions of place and traction satisfied by x. The gradient Y of u is defined by 
Y =Vu. (2.48) 
Let S0 be the Piola stress corresponding to the finite deformation x, and SR be the 
Piola stress for the deformation after the imposed infinitesimal displacement. As the 
consequence of being infinitesimal, the linearly approximate expression of SR is 
SR =So+ AY, (2.49) 
where A is defined in (2.46). 
A static deformation of a body subject to boundary conditions of place and trac-
tion is said to be infinitesimally stable if the work done in every further infinitesimal 
deformation compatible with the boundary conditions is not less than that required to 
effect the same infinitesimal deformation subject to "dead loading", i.e., at the same 
state of stress as in the ground state of strain. That is 
(2.50) 
where the integration is extended over the body in the deformed state of x. On sub-
stituting (2.49) into (2.50) we obtain the condition for infinitesimal stability 
(2.51) 
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The following Basic stability theorem was found by Hadamard: In order that a 
configuration of an elastic body be infinitesimally stable for boundary conditions of 
place and traction, it is necessary that the inequality 
(2.52) 
hold for all vectors m and n at each particle. This is referred to as Hadamard inequality. 
Comparison with (2.47) shows that Hadamard's inequality (2.52) is only slightly weaker 
than the S-E condition (2.47). Hadamard's inequality is only a local necessary condition 
for infinitesimal stability, for, if (2.52) fails to hold, the equilibrium configuration can 
not be stable. But in general, however, Hadamard's equality, like the S-E inequality, 
may be very difficult to analyze. 
Many authors have worked in finding appropriate expressions for the S-E condition. 
For compressible, isotropic and non-linearly elastic solids, conditions for the strong 
ellipticity of the equilibrium equations were given by Simpson & Spector [57] and 
alternative formulations were provided by Rosakis [58] and Zubov & Rudev [59]. In 
contrast with the criteria obtained by Knowles &Sternberg [20] and Hill [60] (see also 
[61, 62]) for the case of plain strain, however, the conditions in [57] and [58] are not given 
in terms of the strain energy function expressed as a function of the principal stretches 
and consequently, their application is limited. Similarly, the formalism in [59] which 
is based upon the verification of certain conditional inequalities may also prove to be 
unsuitable in certain circumstances and thus, for three-dimensional deformations, there 
is a clear need for strong-ellipticity conditions which are as flexible as those that are 
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available in plane elastostatics. In what follows we obtain strong-ellipticity conditions 
for compressible, isotropic, hyperelastic solids that, in the three-dimensional setting, 
are the analogous of those arrived at in [20, 60, 61, 62], which is useful in application. 
As it is well-known that, for a homogeneous isotropic hyperelastic material with 
strain energy function W(-\ 1 ,-\ 2 ,,\3 ), there exists a function a= a(Q1 ,Q2 ,Q3 ), where 
1 l Ql=-(12+12+12) Q2=-(14+14+14) Q3 I I I 
- 2 "1 "2 "3 ' - 4 "L "2 "3 ' := AJA2A3, 
such that 
Simpson and Spector [57] introduce the notations 
oa oa; 
a; = ()Qi' a;,j = oQi' 
,\I ,\2 ,\3 
M(M;i) := ,\3 
I 
,\3 
2 
,\3 
3 
-\2-\3 -'t-'3 -\1,\2 
BE;:= a1 + a2(,\~ + ,\; + ,\;- -\7), 
(2.53) 
(2.54) 
(2.55) 
(2.56) 
(2.57) 
(2.58) 
(2.59) 
(2.60) 
(2.61) 
and show that the strong-cllipticity condition is satisfied at a deformation, with prin-
cipal stretches At, A2, A3 , if and only if for all choices of 8t, 82 = ±1 we have 
BE;>O,TE;>O, (2.62) 
(2.63) 
and 
I I I 
TE{ (BEt+ 8tl.lil) + T Ei (BE2 + 821.li2) + T EJ (BE3 + 81821.li3) 
(2.64) 
As remarked in [57], if l.li tl.li 21.li3 > 0, then three of the four inequalities (2.64) are 
independent while the fourth, obtained by choosing 81 ,82 so that 
(2.65) 
is implied by the other three. 
Our aim here is to express the S-E conditions (2.62)-(2.64) in terms of the derivatives 
(2.66) 
and to this end we note that 
(2.67) 
Thus 
(2.68) 
and 
(2.69) 
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On assuming that )'I f. >.2 f. A3 and on making use of (2.68) and (2.69), it can be 
readily checked that we have 
(2. 70) 
T E; = W;;, no sum, (2. 71) 
and 
(2. 72) 
On combining (2.62)-(2.64) with (2.70)-(2.72) we now find that for a hyperelastic ma-
terial the strong-ellipticity condition holds at a state of deformation with distinct prin-
cipal stretches if and only if, for all choices of B1 ,{h = ±1, the following conditions are 
satisfied: 
and 
(W;- Wi)/(>.;- >.i) + W;i + (W;;Wii)~ > 0, if. j, no sum, } 
(W; + Wi)/(>.; + >.i)- W;i + (W;;Wii)~ > 0, if. j, no sum, 
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(2. 73) 
(2.74) 
(2. 75) 
The strong-ellipticity conditions for the case when two of the principal stretches are 
equal can be obtained from (2. 73)-(2. 75) by employing a limiting process based on the 
l 'Hospital rule. If )IJ -=f. -\2 = A3, for instance, we find that the necessary and sufficient 
conditions for strong ellipticity are 
(2. 76) 
(2.77) 
(2. 78) 
(2.79) 
- - - - - 1 (W1 + W2)/(-\1 + -\2)- W12 + (Wu W22)2 > 0, (2.80) 
that the conditions (2.76)-(2.80) have been obtained by letting ,\3 --> ,\2 in (2.73)-(2.74) 
and that the conditions that are obtained from (2.75) by this limiting process, which 
can be written as 
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(2.81) 
are consequences of (2.76)-(2.80). 
In a similar manner, it follows from (2.76)-(2.80) that if )IJ = ,\2 = ,\3 ,\ the 
strong-ellipticity condition reduces to the following pair of inequalities: 
Wn (>., >., >.) > 0, (2.82) 
and 
(2.83) 
2.5 Plane strain 
Now we turn to the special case of plane strain (plane deformation), we assume that a 
body occupies a. doma.in no in the reference configuration and that no is a. cylindrical 
domain symmetric etbout the coordinate plane X 3 = 0. The generators of the boundary 
ono are parallel to the X3-a.xis a.nd a.re subject the deformation (2.2) to the restriction 
(2.84) 
tl3 
Consequently, 
(2.85) 
where I10 is the middle cross-section of 0 0 . From (2.84), (2.5) and (2.7), in the present 
circumstances one concludes that F, C and B are independent of X 3 such that 
and the principal stretch .\3 is 
(2.87) 
Further, in view of (2.86), the invariants given by (2.9) reduce to 
(2.88) 
We define 
(2.89) 
and, from (2.86) and (2.88) one draws that 11 ,12,h in the case of plane deformation 
are linked by I, J as 
(2.90) 
Then the strain energy function W becomes 
w = W(J,.J). (2.91) 
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Next we consider the implication of the assumption of plain strain on the constitutive 
law (2.30). From (2.30) and (2.86) one infers that S is independent of X 3 with 
(2.92) 
The computation on (2.30) with (2.86), (2.89) and (2.90) leads to 
(2.93) 
Thus, the equilibrium equations (2.19) at present evidently reduce to 
(2.94) 
From (2.84) and (2.86), the Cauchy stress field T (see (2.27)) for plane strain is found 
to obey 
And the equilibrium equations (2.12) for plane strain are of the form 
(2.96) 
where ri is the middle cross-section of the domain occupied by the body in the deformed 
configuration. The component form of the equilibrium equation (2.96), in terms of the 
physical components ofT in a Cartesian coordinate system, is 
DT DT 
----"'..:'. + ~ = 0. Dx Dy . 
DTxy + DTyy = O. 
D:c Dy (2.97) 
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In a cylindrical polar coordinate system, equation (2.96) takes the form: 
8Trr 1 8Tre 1 ( 
-8 + --80 + - Trr - Tea) = 0, r· r r 
8Tor ~ 8Teo ~T: _ 0 8r + r 80 + r Or - ' (2.98) 
where ( r, 0) are cylindrical polar coordinates . 
. For hyperelastic materials, in plane strain, the T-E inequality (2.41) reduces to 
Wu > 0, W22 > 0, (2.99) 
and the B-E inequality (2.42) is of the form 
(2.100) 
The P-C inequality (2.44) can be rewritten as 
dT(A, ).)jd). > 0, ). :/= 1. (2.101) 
The S-E conditions (2.73)-(2.75) now have the form 
(2.102) 
together with 
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Chapter 3 
The generalized Blatz-Ko material 
and homogeneous deformations 
In this chapter, we examine a specific material by making use of the theory of continuum 
mechanics described in Chapter 2. In Section 3.1 we give a brief description of the 
material, and in Section 3.2 we discuss the strong-ellipticity condition for the material. 
The homogeneous deformations are then studied in Section 3.3. 
3.1 The generalized Blatz-Ko material 
In our present work, we consider a strain energy function of the form (1.13), which, for 
the sake of convenience, is cited as 
(3.1) 
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where f.t and f3 are positive constants. 
The partial derivatives of the strain energy function (3.1) with respect to the prin-
cipal stretches are given by 
W;=f.t(: -Aifl-l), W;;=f.t(f3+1)Ai!J- 2 , W;j=f.tA~·' i-=f.j, nosum, (3.2) 
' ' J 
and the ground-state elastic moduli associated with (3.1) are shown in Table 3.1 below. 
It is readily to verify that the material satisfies 
Parameters the generalized Blatz-Ko the Blatz-Ko 
Shear Modulus f3f.t/2 f.t 
[W11 (1, 1, 1)- W12 (1, l, l)]/2 
Lame coefficient f.t f.t 
Wn(1, 1, 1) 
Table 3.1: The ground-state elastic moduli. 
W(1, 1, 1) = 0, W;(1, 1, 1) = 0 (3.3) 
which ensures that the reference configuration is unstressed and that the energy is 
zero in the reference configuration. W = W(>q, A2 , A3 ) has an absolute minimum at 
A1 = A2 = A3 = 1 and thus we have 
(3.4) 
the equality being possible if and only if A1 = A2 = A3 = 1. 
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3.2 The strong-ellipticity condition 
For the material (3.1), it is easy to check that the P-C inequality (2.44), T-E and B-E 
inequalities ((2.41) and (2.42)) are satisfied for any /3, J1 > 0. The S-E condition for the 
case of f3 = 2 was investigated in [13] and we note that the restriction of (3.1) to plane 
strain ( A3 = 1) was considered in [38] where it was shown that for plane deformations 
of the material, the S-E condition prevails if and only if the principal stretches satisfies 
(3.5) 
where is E (0, 1) is a solution to the equation 
f(x) = (/3 + 1)(x + 1)x~- (1 + x.6+ 1 ) = 0. (3.6) 
(see [38], eq.(31) where t should be replaced by ,fi). As f(1)f(O) = -2/3 < 0 and 
J'(x) > 0 for x E (0, 1], it follows that the equation (3.6) has exactly one root in the 
interval [0,1], and thus, since f satisfies the identity f(x) = x.6+1 j(1/x), we infer that 
this equation has exactly two roots in the interval [0, oo ), namely is and 1/ts. The 
variation of tE vs. f3 is illustrated in Figure 3.1 (cf. Figure 5 of [38]), which shows that 
tE increases with f3 and tends to unity when f3 tends to infinity. 
It is easily seen that the material (3.1) satisfies (2.73) and (2.74)1 a.t all states of 
deformations with distinct principal stretches and that (2. 74 )2 reduces to 
(3. 7) 
In view of the previous discussion we conclude that the conditions 
(3.8) 
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(which are equivalent to (3. 7)) are necessary for the strong ellipticity to hold. In what 
follows we show that (3.8) are also sufficient for strong ellipticity. To this end, we 
assume that .X1 =/=- .X2 =/=- .X3 (the sufficiency of (3.8) in the case when two, or all three, 
of the principal stretches coalesce follows immediately from (2. 76)-(2.80) and (2.82)-
(2.83)) and note that substitution of (3.1) into (2.72) reveals that we have 'l!i > 0. 
Thus, according to the remark following (2.64) , we infer that the inequality obtained 
from (2. 75) by setting 81 = 82 = 1 is implied by the remaining three inequalities in 
(2.75) . By inspection, it is readi ly found that, when (3.8) hold , the relevant inequalities 
in (2 . 75) are implied by the following triad of inequalities 
I I 
W1\[(W2 - W3)j( -X2- .X3) + wn] + w3~[(W1 + W2)/P1 + -X2)- W12J > o, 
I I 
W2~ [(W1 - W3)j(-X1 - .X3) + WI3] + W3~[(W1 + W2)/(-X1 + -X2) - Wl2] > 0, (3.9) 
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I I 
W3~[(Wt- W2)j(>.t- >.2) + W12J + W2~[(Wt + W3)/(>.t + >.3)- Wt3] > 0. 
The inequalities (3.9) can be re-written as 
(3.10) 
and, since (3. 7) are assumed to hold, they will be satisfied if 
x-.6/ 2(1- x 11+1 )/(1- x) > (3 + 1, x E (0, oo)- {1}. (3.11) 
To prove (3.11) we write 
F(x) = 1- xli+l- (1- x)x/112((3 + 1), (3.12) 
and note that 
F'(x) = -((3 + l):r(11- 2l/2G(x), (3.13) 
where 
G(x) = x(/1+ 2)/2 - (1 + f3/2)x + (3/2. (3.14) 
Since the function G satisfies G(1) = G'(1) = 0 and G'(x)(x -1) > 0 for x E (0, oo)-
{1}, it follows that G(x) > 0 for x E (0, oo)- {1} and that F'(x) < 0 for x E 
(0, oo)- {1}. Since F(O) = 1 and F(1) = 0, we have F(x)(x-1) < 0 for x E (0, oo)-{1} 
which is equivalent to (3.11). The conditions (3.8) therefore, arc both necessary and 
sufficient for the strong cllipticity to hold at a deformation of the material (3.1). 
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3.3 Homogeneous deformations 
We consider now a homogeneous deformation of the form 
x; =>.;X;, no sum, (3.15) 
in which the coefficients >.; are positive constants and are recognized as the principal 
stretches of such a deformation. From (3.15) together with (2.5) and (2.7) through 
(2.27) one readily confirms that at present 
aw >.; aw 
S;; = o>.;, Si; = S;i = 0, T;; = J · o>.;, T;1 = 0, no sum, i =f. j. (3.16) 
From (3.1) we find that 
(3.17) 
The relations (3.17), which imply 
T;; < p, no sum, (3.18) 
are explicitly invertible and lead to 
r-, T T T33 I 
>.; = (1- ~f/'[(1- - 11 )(1- ~)(1- -)]~(~+3 l, no sum. 
fl fl fl fl 
(3.19) 
For our purposes it is essential to examine the consequences of (3.17), as far as 
these homogeneous deformations are concerned. 
For the case of isotropic extension (or contraction) we have 
(3.20) 
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As is apparent from (3.20), for isotropic extension (see Figure 3.2a), Tu(>.I) is a steadily 
increasing concave function and Tu --> J.l as >. 1 --> =, while Tu --> -CXJ as >. 1 --+ 0. 
In Figure 3.2b, S11 (>.I) is monotone increasing, but Su __, = as >. 1 __, = and the 
corresponding stress-stretch curve exhibits a reversal in curvature at >. 1 = [(1 + /3)(1 + 
/3/2)]11(.6+3 ). It is noted that for larger values of /3, the Cauchy stress and Piola stress 
increase faster and that, otherwise, the distributions both the Cauchy and the Piola 
stresses are similar for all values of f3 > 0. Since greater magnitudes of the Cauchy 
stresses and the Piola stresses correspond to larger values of /3, thus we conclude that 
the material becomes harder as f3 increases. 
For a state of isotropic plane stress parallel to the plane X 3 = 0, there results 
S I I I -2/(i:J+l) T33 = 33 = 0, "'2 = ).I' A3 = "'I ' 
T _ rr> _ [1 _ ~-P(P+3)/(P+I)J S _ S _ [,(P-1)/(P+l) _ 1 -P-1] 11 - .L 22 - J.l "'1 ' U - 22 - /l "'1 "'1 · (3.21) 
Variations of the Cauchy stress and the Piola stress with principal stretch are illustrated 
in Figure 3.3. From (3.21) it is seen that the Cauchy stress Tu has the same qualitative 
behaviour as in the case of the isotropic extension (see Figure 3.2), that is, T11 increases 
monotonically with >. 1 and T11 --> J.l as >. 1 --> CXJ, while Tu --> -= when >. 1 --> 0. For 
all values of f3 > 0, the distributions of Cauchy stress are qualitatively similar and 
they indicate that the material hardens as f3 increases since greater magnitudes of the 
Cauchy stress correspond to larger values of {3. In contrast, the variation of the Piola 
stress S 11 with >. 1 depends on the parameter {3. For all values of f3 > 1, S11 (>. 1 ) is an 
monotonic and concave increasing function and S11 --> CXJ as >. 1 --> CXJ. The distributions 
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of Sn are qualitatively similar in the present circumstance and they indicate that the 
material become harder as (3 increases. In the case when (3 = 1 511 ( A1 ) is an monotonic 
and concave increasing function and 5 11 ---+ /l as A1 ---+ oo. For (3 < 1, however, S11 (A 1 ) 
increases steadily to its positive maximum value at [((3 + 1)2 /(1- fJ)]UJ+J)/[,6(/l+J)) and 
then decreases monotonically to zero, with a reversal in curvature at {((3 + 1)3 ((3 + 
2)/[2(1 - (3)]}(,6+!)/[,6(,6+3 )). The distributions of the Piola stress corresponding to this 
circumstance are qualitatively different from the those in the case when (3 > 1, although 
they still indicate that the material hardens as (3 increases. 
Further, in a special instance of uni-axial tension (or compression) parallel to the 
X 1-axis, one has 
T S S \ \ \ -1/(,6+2) n = T33 = 22 = 33 = 0, -"2 = -"3 = -"1 , 
T - [1 - A -,6(,6+3)/(/3+2)] s - [ \ -2/(,6+2) - \ -,6-1] 11 - fl I ' 11 - fl -"1 -"1 · (3.22) 
In uni-axial tension (see Figure 3.4), according to (3.22), T11 (A 1 ) is likewise monotone 
increasing and concave; further T11 ---+ fl as A1 ---+ oo and T11 ---+ -oo as A1 ---+ 0. 
Also the inspection of Figure 3.4 reveals that the distributions of the Cauchy stress 
are qualitatively similar for all values of (3 > 0 and that they imply that the material 
becomes harder as (3 increases. It is of interest to note that these features of T11 
are likely the same as in the cases of the isotropic extension and the isotropic plane 
stress. In contrast, 5 11 (,\J) in this case rises steadily to its positive maximum value at 
[(1 + (3)(1 + (3 /2)](/3+2)//J(/3+3) and then decreases monotonically to zero, with a reversal 
in curvature at [(1 + (3)(2 + (3)3 /2](.6+ 2)//3(,6+3 ). The transverse stretch A2(A1) = A3(AJ) 
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is a decreasing convex function of the axial stretch A1 , and A2(A 1 ) ----> oo as A1 ----> 0, 
A2( A!) ----> 0 as A1 ----> oo. From Figure 3.4 we note that the distributions of the Piola 
stresses are similar for all values of f3 > 0 and moreover, that the greater stress is 
needed for a fixed stretch as f3 increases. Therefore, we can conclude that the material 
hardens as f3 increases, which is the same as that drawn from the distributions of 
Cauchy stress corresponding to this deformation. 
In the case of isotropic plane strain parallel to the plane X 3 = 0, we have 
(3.23) 
In the case of isotropic plane strain (Figure 3.5), T11 , regarded as a function of A1 , 
behaves qualitatively the same as in the above three cases. The Piola stress 5 11 ( A1 ) is a 
concave, monotone increasing function that tends to -oo as A1 ----> 0 and 5 11 = 522 ----> oo 
as A1 ----> oo. The transverse Piola stress 533 is convex and steadily increasing, with 
533(0+) = -1-L, 533 (A1 )----> oo as A1 ----> oo. It is shown by Figure 3.5 that for all values 
of f3 > 0, the distributions both Cauchy stress and Piola stress are qualitatively similar 
and that they indicate that the material becomes harder as f3 increases since the greater 
magnitudes both Cauchy and Piola stresses are corresponding to larger values of {3. 
In the event of plane-strain uni-axial tension (or compression) parallel to the X 1 -
axis, we get 
I 1 _ 1 -1/(/J+l) 
/13 = 1' A2 - /11 ' 
T - I [1 -A -fl(fl+2)/(fl+l)] T - 0 T - "[1 -A -fl/(fl+l)] 11 - 1 1 ' · 22 - ' 33 - ,.- I ' 
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(3.24) 
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5 - ['-l/({J+I)_,-{J-ll 5-0 5- ['.6/(!J+i)_l] 11 - P· AI AI ' 22 - ' 33 - Jl AI . 
Equation (3.24), which pertains to plane-strain uni-axial tension (Figure 3.6), reveals 
that in this instance 'T11 is concave monotone increasing and that T11 ---> -oo as .\ 1 ---> 0, 
T11 ---> 11 as .\ 1 ---> oo; these properties are shared by the transverse Cauchy stress T33 . 
We note that the Cauchy stresses T11 and 7':13 behave qualitatively similar with the 
Cauchy stress T11 in the above four cases of homogeneous deformations and we can also 
conclude that the material becomes harder as (3 increases. On the other hand, the axial 
Piola stress 5 11 and the transverse stretch .\ 2 exhibit the same qualitative behaviour 
as in the case of three-dimensional uni-axial tension discussed above. Further, 5 33 is 
concave and steadily increasing, 533(0+) = -11, 533(.\ 1 ) ---> oo as .\ 1 ---> oo. Also, we 
can draw the conclusion that for all values of (3 > 0, the material becomes harder as (3 
increases from the distributions of the Piola stress 5 11 . 
Finally, we consider a homogeneous plane deformation corresponding to a state of 
simple shem·, parallel to the plane X3 = 0. Thus, the deformation has the form 
(3.25) 
m which k is a constant, tan- 1k being the angle of shear. The principal stretches of 
(3.25) arc related to k through 
(3.26) 
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In view of (3.26), matrix D (see (2.34)) reduces to 
(3.27) 
The determinant and the inverse matrix of D are 
(3.28) 
and 
).2 I ). -2 I -().~!+).I) 
n-1 = ().~!- AJ) 
detD -1 -1 ).~~ + >.I (3.29) 
). -2 I ).2 I -(>.~! + >.!) 
From (2.27), (2.36), (3.2), (3.27) and (3.29) we find following expressions of stresses in 
the case of simple shear: 
+2).: -{3 + 2).f-l - ;.f+l - ).~{3-I - ).~-{3 - ;.f-3], 
T = T = 211k(>.~~ ->.I) [rfl-1 + ;.fl+l _ ;.fl-1 _ ;.I-{Jl 
12 21 detD I 1 1 1 ' (3.30) 
T = 211(>.~ 1 - >.1) [>.-3 + ;.3 _;.-I_). 
22 detD 1 1 1 I 
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Variations of Cauchy stresses in the case of simple shear deformation are plotted 
in Figure 3. 7. It is of interest to note on the basis of (3.30) that, in general, for the 
state of simple shear described by (3.25), the shear stresses TI2, s12 and s21 are non-
linear (odd) steadily increasing functions of the shear parameter k; T12 and S12 depend 
linearly on the shear parameter k only in the case when f3 = 2. Observe that the normal 
stresses T22 , S11 (S22) are compressive for all values of f3 > 0. But the normal stress 
T11 is tensile when f3 < 2, compressive when f3 > 2 and equal to zero only when f3 = 2. 
All non-vanishing stress components associated with the coordinate frame underlying 
(3.25) become unbounded as k --> oo. We note from Figure 3.7 that for all values of 
f3 2: 2, the distributions of the Cauchy stresses are qualitatively similar and that they 
indicate that the material hardens as f3 increases. For f3 < 2, however, the distributions 
of the Cauchy stresses are qualitatively different from those in the case when f3 2: 2 
and we can no longer conclude that the material becomes harder as f3 increases. 
Thus, from the analysis on the above six cases of homogeneous deformations, see 
Figure 3.2 - Figure 3. 7, we can draw the following conclusions: 
(i) For all values of f3 > 0, the distributions of Cauchy and Piola stresses are qualita-
tively similar in the isotropic extension, the uni-axial tension, the isotropic plane strain, 
and the plane-strain uni-axial tension and they indicate that the material hardens as 
f3 in creases . 
. (ii) For all values of f3 > 1, the distributions of Piola stresses in isotropic plane stress 
are qualitatively similar and they indicate that the material hardens as f3 increases. For 
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j3 :::; l, however, the distributions of Piola stresses corresponding to this deformation 
are qualitatively different from the distributions in the case when j3 > l, although they 
still indicate that the material hardens as j3 increases. 
(iii) For all values of j3 ::=:: 2, the distributions of Cauchy stresses in the simple shear 
deformation are qualitatively similar and they indicate that the material hardens as j3 
increases. For j3 < 2, however, the distributions of Piola stresses corresponding to this 
deformation are qualitatively different from the distributions in the case when j3 ::=:: 2. 
In particular for j3 < 2, we can no longer conclude that the material hardens as j3 
m creases. 
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Chapter 4 
Straightening of a sector of a 
circular tube 
In this chapter, we consider a simple non-homogeneous deformation in plane strain 
framework, namely the straightening of a sector of a circular tube. The chapter is 
presented in two parts: in the first part (section 4.1) we give the solution of the 
considered problem, and the analysis of the solution will be completed in the second 
part (section 4.2). 
4.1 Solution of the problem 
The non-homogeneous deformation with which we are concerned here is the straighten-
ing of a sector of a circular tube in plane strain. The deformation is given as (illustrated 
in Figure 4.1) 
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x = x(R), y = a0 , ( 4.1) 
where, (x, y) are the Cartesian coordinates in the deformed configuration, (R, 0) are the 
polar coordinates in the reference configuration, and a is a constant to be determined . 
The physical components of the deformation gradient are given by 
I dxj0dR [F] = 
Therefore, the principal stretches Ai are 
On combining (2.27), (2.29) and ( 4.2) we obtain 
(4.2) 
( 4.3) 
W1 dR .O+l R _ W2 _ [ dR (R).o+1] _ ( ) Txx = ~ = JL[1 - ( -d ) · - ], Tyy - ~ - JL 1 - -d · - , Txy - 0. 4.4 
A 2 X a Al X a 
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In view of (4.1) and (4.4), the equilibrium equation (see (2.96)) reduces to 
dTxx/d:r = 0 (4.5) 
whose integration yields 
( 4.6) 
Here C1 , C2 are arbitrary constants t.o be determined by boundary conditions. Note 
that the solution ( 4.6) is independent of the material parameter p. On substituting 
(4.6) into (4.4) we find the non-vanishing components of Cauchy stresses as 
T- [t- -]c-{3-l(.B+t) 13+1J T- [I- -{3-lc-1(.B+ 1 )RW++NJ (4.7) 
xx - fl Cl' I ,B + 2 > YY - /l Cl' I ,B + 2 . . 
The analysis of the solution ( 4.6) will be carried out in the following section. 
4.2 Boundary value problems 
4.2.1 Boundary conditions of Place 
We consider bounda.ry conditions of pla.ce, t.ha.t is 
X = Xt' at R. = Rl j X = x2, a.t R = R2; y = ±yo, at e = ±0o, (4.8) 
where R 1 , R 2 are the inner a.nd outer radii of a sector of a. circula.r tube in t.he reference 
configuration, a.nd x 1 ,x2 (x 2 > x 1 ) are two prescribed values of the surfaces R = R1 
and R. = R.2 after deformation. 
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Introducing the ratio of the radii 
(4.9) 
we find that, in view of ( 4.8) and ( 4.6), constants C1 , C2 , o: can be determined as 
C _ x2 - x1 . R-({3+2)/(fl+i) 
I - k(f3+2)/(f3+l) - 1 I ' 
Xi k(f3+2)/(f3+i) - X2 
c2 = k(f3+2J/(11+1J - 1 , (4.10) 
o: = Yo/0o. 
The principal stretches (4.3) are then expressed as 
( 4.11) 
Clearly the principal stretches >.; are always positive for any prescribed positive values 
From ( 4.11) we obtain the ratio of the principal stretches as 
w = ~ = ((3 + 2)(x2- xi) . ( .!!:__ )lf3+2)/(f3+1) 
>.2 ((3 + 1)o:[k(f3+2)/(fJ+i)- 1] RI . (4.12) 
Since w increases monotonically with R, the S-E condition (3.5) will be satisfied if and 
only if we have 
(4.13) 
From (4.12) and (4.13) we find the following restrictions on the prescribed boundary 
values and the original geometry, which are equivalent to (4.13): 
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For the condition (4.14) to hold, it is necessary that 
k < c2(,6+I)/(,6+2) 
E (4.15) 
and thus, if k > kmax = tfj2(,6+I)/(I1+2) the solution will be unstable. It is of interest 
to note that the inequality (4.15) gives the maximum thickness (kmax = tfj2(,6+I)/(I1+2)) 
of the circular tube for which this deformation may be stable. Even if ( 4.15) holds, 
however, the solution is still unstable if the prescribed values x1 , x2 in the deformed 
configuration are not in the range given by (4.14). 
4.2.2 The traction boundary condition: Part I 
The constants C1 and a may also be determined by requiring that 
( 4.16) 
in which 
( 4.17) 
and by prescribing the load acting on the surfaces 0 = ±00 . For simplicity we require 
that 
(4.18) 
From (4.16) we find that 
c = (,8 + 1). 0'-1/{,6+1) 
I ,8+2 ' (4.19) 
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which implies that Txx = 0 for x E [x1, x2]. 
In view of (4.7), (4.18) and (4.19), we obtain 
[ 
k(/3+2)/{!3+1) - 1] -(/1+1)/[11{/1+2)] 
a= RI ((3 + 1)-(/1+1)/[11{/1+2)] k/1+2 - 1 ( 4.20) 
where k = Rd R1 . Consequently, the solution ( 4.6) now is determined in this way up 
to an arbitrary constant c2 as 
( 4.21) 
Here C2 stands for a rigid movement of the rectangular block in the deformed config-
uration. When (3 = 2, the deformation ( 4.21) with C2 = 0 is that obtained by Carroll 
and Horgan [17] for the Blatz-Ko material. 
The only non-vanishing component of Cauchy stresses Tyy now is in the form 
k(I1+2J/(I1+1J 1 R 
T = 11.[1 - ((3 + 1) - (-)11(11+2J/(I1+1J] 
YY r k/1+2 - 1 RI ' ( 4.22) 
which we re-write as 
( 4.23) 
where 
( 4.24) 
The ratio S / S0 , where S is the cross-sectional area in the deformed configuration and 
So is the cross-sectional area in the reference configuration, is given by 
s 2((3 + 1)(11+1)/{/1+2)(k(f1+2)/{/1+1)- 1){/1+1)/(/1+2)(kf1+2- 1)1/(/1+2) 
So (f3+2)(k2-l) ( 4.25) 
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The moment M acting at the ends of the rectangular block is 
( 4.26) 
which, together with ( 4.22) yields 
(3~2+61'+2) 1/l+2l 
M ((3 + 1) c,s2 +2~> l(+2~ k !3+1 - 1 cll2+21l+2> 
.c.:_....:.._...!.._ __ • [k ll+I - 1][ J (~2 +2/3) 
Ji.R? ((3 + 2)3 kf3+2 - 1 
2hf+I)~ 11'+2~ 1 ((3 + 1) /3+2 (t'll+v k !3+1 _ 1 2 
- .c.:..._....:_...!..._.,---. [k /l+l - 1][ ]~. 
2 ((3 + 2)2 kf3+ 2 - 1 ( 4.27) 
From (4.3), (4.20), and (4.21), the principal stretches can be determined as 
and their ratio is 
[ 
k(f3+2)/(fJ+I) 1] 1/fJ R 
W = ((3 + 1)1/{3. - (-)!f3+2)/(f3+!). 
kf3+ 2 - 1 Rt ( 4.29) 
Therefore, the S-E condition (3.5) is satisfied provided that 
Numerical experiments with (4.30) indicate that (4.30)2 holds for all k > 1 and (4.30) 1 
implies that 
( 4.31) 
where kE is a critical value of k, determined by 
( 4.32) 
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(3 1/2 1 2 3 4 
kE 4.8972 4.5026 3.7884 3.2779 2.9157 
kmax 10.3276 9.1808 7.21176 5.8736 4.9723 
tE 0.14289 0.1896 0.2679 0.3306 0.3820 
Table 4.1: The values of kE, kmax, tE vs. (3 
Thus, it appears that if k > kE the solution is unstable for the traction boundary 
conditions considered here. The values of kE, tE, kmax for a range of (3 are shown 
numerically in Table 4.1. Note that kE, kmax decrease with parameter (3, and tend to 
unity as (3 tends to infinity. For any (3 > 0, kE < kmax holds always, which means that 
for k E ( kE, kmax) we may have stability for boundary conditions of place whereas for 
boundary conditions of traction the solution is unstable. 
From ( 4.21) and ( 4.28) we find that extreme values of the principal stretches oc-
cur on surfaces of the block since d)qjdx = (d>.J/dR)(dRjdx) > 0 and d>.2/dx = 
(d>.2/dR)(dRjdx) < 0. The values of >.1 (xi), >. 1 (x2), >.2(x 1), >.2(x2) for a range of (3 are 
given in Table 4.2. It can be seen that the body is deformed more severely near x = x 1 . 
It is also interesting to note that the values of the principal stretch >. 2(x 1) (regarded as 
a function of (3), beyond which the strong-ellipticity condition is violated, are within 
the range [2.2, 3.2] when (3 is given as (3 = 1/2, 1, 2, 3, 4 (see Table 4.3). 
The plot S /So vs. k is given in Figure 4.2, and this reveals that the area of the 
considered body becomes larger after deformation and it is an increasing function of (3 
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k f3 .\1 (xi) .\1(x2) .\2(x1) .\2(x2) 
1/2 .93743 1.05859 1.10177 .91814 
1 .95248 1.04339 1.10227 .91856 
1.2 2 .96770 1.02833 1.10353 .91961 
3 .97537 1.02086 1.10490 .92075 
4 .98000 1.01639 1.10631 .92193 
1/2 .62116 1.26318 2.04268 .70437 
1 .69575 1.18481 2.06585 .71236 
2.9 2 .77849 1.11016 2.11954 .73088 
3 .82375 1.07497 2.17180 .74890 
4 .85263 1.05498 2.21914 .76522 
kE f3 ,\I(xi) .\1(x2) .\2(x1) .\2(x2) 
4.897 1/2 .459 1.324 3.214 .656 
4.503 1 .574 1.219 3.031 .673 
3.788 2 .719 1.122 2.685 .709 
3.278 3 .801 1.078 2.424 .739 
2.916 4 .852 1.055 2.230 .765 
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Figure 4.2: Sj So vs. k. 
In view of ( 4.27), for a fixed value k, the moment M is a quadratic function of 
the inner radius R1 ; but for a fixed value of the inner radius R1, the moment M is 
an increasing function of the ratio k, as illustrated in Figure 4.3. Note that a larger 
moment M is needed for a prescribed value of k as {3 increases. 
The distribution of the normal stress Tyy along the x-axis (x E [x1 ,x2], see (4.21)) 
is illustrated in Figure 4.4. It can be seen from Figure 4.4 that the normal stress Tyy 
decreases monotonically with x (cf. (4 .23)) . It is in tension at x = x1 and in corn-
pression at x = x 2 . As the thickness of the circular tube increases the magnitude of 
the Cauchy stress Tyy increases significantly (comparing Figure 4.4a and Figure 4.4b ). 
As (3 increases, Tyy(x 1 ) increases and tends to unity. It is interesting to note that 
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Figure 4.3: M vs. k. 
regarded as a function of x, Tyy decreases faster with increasing values of j3 and the 
magnitude of Tyy increases as j3 increases. Therefore, the conjecture that the mate-
rial becomes harder as j3 increases, drawn from considerations regarding homogeneous 
deformations in Chapter 3, is verified further here from considerations regarding this 
non-homogeneous deformation. 
4.2.3 The traction boundary condition: Part II 
Now we consider another boundary condition of traction to determine the constants C1 
and a. We still use the same prescriptions for the tractions on the surfaces x = x1 , x = 
x2 as those in Section 4.2.2 (that is, (4.16)), but, instead of the resultant force acting 
on the surfaces 8 = ±80 , we prescribe the moment M given by ( 4.26). As before, we 
76 
0.2 - k=1.1 
:i. 
.............. 
~ 
1- -0.1 
-0.2 
0 0.2 0.4 0.6 0.8 1 
(a) 
1 ~~----------------~ 
0.5 - k=2.5 
a~----~~~~------~ 
::i. -0.5 
.............. 
~ -1 
1- -1.5 
-2 
-2.5 L.---....i.--------l...----......L.....-------1...-----J 
0 0.2 0.4 0.6 0.8 1 
(X-X 1) I ( X2-X 1) (b) 
Figure 4.4: Tyy vs. x. 
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find that cl is given by (4.19) and thus we again have Txx = 0 for X E [xJ,x2]· 
On substituting (4.7) and (4.19) into (4.26), we find the following equation to 
determine RJ/o: for any prescribed moment M as 
M = ({3 + 1)2 (Rl )2/(tl+Il[e(t~+2)/(i3+1)- 1] 
11Ri 2({3 + 2) 2 o: 
({3 + 1)2 (RI )(J32 +2i3+2)/(tl+I)[k(tl+2)2 /(fi+I) _ l]. 
(!3 + 2)3 0: ( 4.33) 
The solution ( 4.6) is then determined in this way up to an arbitrary constant C2 as 
( 4.34) 
in which RJ/ o: is determined by ( 4.33) and C2 stands for a rigid movement of the 
rectangular block in the deformed configuration. 
The only non-vanishing component of Cauchy stresses Tyy now is in the form 
or 
where 
Tyy = !1{1- (RI )!3(!3+2)/(tl+I)[l + (k(l1+2)/(tl+l)- 1)(]11}, 
0: 
( 4.35) 
( 4.36) 
( 4.37) 
Naturally, we are concerned about the features of the moment M as a function of 
R 1 / o:. We introduce the notations 
u :=(RI )1/(tl+l) > O, 5 := k(fi+2)/(fi+I) > 1, 
0: 
CJ(u) = ({3 + 2)(s2 - l)u2 - 2(sfi+2 - l)ul12+2fi+ 2 
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( 4.38) 
with the help of which ( 4.33) can be re-written as 
( 4.39) 
The first derivative of a( u) is 
a'(u) = 2({3 + 2)(s2 - l)u- 2({32 + 2{3 + 2)(s13+2 -l)u,IJ2 +211+t, ( 4.40) 
and thus, there are two stationary points for this function, given by 
,13(,13+2) ([3 + 2) (s2 - l) 
Ut = 0, u2 = ([32 + 2{3 + 2) . ( s,IJ+2 - l) < l' ( 4.41) 
and we also have 
( 4.42) 
Equation ( 4.40) can be rewritten as 
, 2 (/32 + 2{3 + 2)( s,IJ+2 - l )u,IJ(,IJ+ 2) 
a (u) = 2({3 + l)(s - l)u[l- ([3 + 2)(s2 _ l) ] 
= 2({3 + l)(s2 -l)u[l- (~),13(,13+ 2 )]. 
lL2 
( 4.43) 
Clearly we have 
a'(u) > 0, for 0 < u < u2, a'(u) < 0, for u > u2. ( 4.44) 
By substituting u = l into ( 4.38) we find 
a(l) = ([3 + 2)(s2 - l)- 2(s,IJ+2 - l) = w(s). ( 4.45) 
Since w(l) = 0, w'(s) = 2({3 + 2)s( l - s,IJ+l) < 0 for s > l, we infer that 
a(l) = w(s) < 0, fors> l. ( 4.46) 
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Now we are ready to give a description of the moment M as a function of RJ/a: The 
moment A1 attains a maximum Mmax at R1/a = (RJ/a)m, defined as 
RI) = { ((3 + 2)[F(.B+2)/(.6+l)- l] (.6+1)/(,6(.6+2)) 
( Ct m- ((32 + 2(3 + 2)[k(.B+2)'/(.B+l)- l]} . ( 4.4 7) 
When 0 < RJ/a < (RJ/a)m, M is a positive and steadily increasing function of RJ/a 
and reaches its only maximum Mmax at (RJ/a)m so that 
Mmax _ (3((3 + 1)2((3 + 2)(2-2,6-,62 )/[.B(.B+2))[k2(,6+2)/(,6+1) _ lj(.B2 +2.6+2)/[.B(.B+2)) 
1-LR~ = 2((32 + 2(3 + 2)(.B'+2.B+2)/[.B(.B+2ll[k(.6+2l'/(.B+ll _ lj2/[.B(.B+2JJ .(4.48) 
In contrast, when RJ/a > (R 1 /a)m, M decreases monotonically with Rda and tends 
to negative infinity as RJ/a tends to positive infinity. Using the fact that u(l) < 0 we 
find that M has one root only given by 
R ((3 + 2) [k2(,6+2)/(/l+ I) l] (-1) = { - }(,6+1)/(,6(,6+2)) 
Ct O- 2[k(.B+2J'/(.B+I)- l] ( 4.49) 
and we note that 
( R1 ) (RI) -m< -o<l 
Ct Ct 
( 4.50) 
(see also the variation of M with RJ/a in Figure 4.5). 
Thus we can draw conclusion on the solvability of ( 4.33) for any prescribed moment 
M: (i) if M is prescribed so that M> Mmax there is no solution to the boundary value 
problem; (ii) if M is given to be the value of Mmax, that is, M = Mmax, there is only 
one solution to this problem and RJ/a = (Rda)m; (iii) otherwise if M is given so that 
M < Mmax there are two solutions to the boundary value problem. 
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theory has also been found in other deformations (for example, the homogeneous de-
formation considered by Rivlin [63], the radial expansion of cylindrical and spherical 
shells by Chung & Horgan [16], the bending of a rectangular block of semi-linear mate-
rial by Aron & Wang [32]; more examples can also be found in [64, 14] et a0. In what 
follows we examine the stability of the solution by using the S-E criteria. 
From (4.3) and (4.34), the principal stretches are given as 
>., = (R, )'f(,ii+'l(.!!:_)'/(,ii+ll, >. _ ;.-,ii-1 
a R, 2 - 1 · ( 4.51) 
Hence, the S-E condition (3.5) is satisfied provided that 
( 4.52) 
The numerical experiments (using ( 4.49) and ( 4.52)) indicate that k-1fi;(,ii+I)/(,Ii+ 2) > 
(RJ/a)0 holds always, so we will omit (4.52)2 henceforward. It follows also from the 
nu-merical examination that there exists a value of k, namely kE((3), so that when 
k > kE the S-E condition is always violated and so, the solution is unstable in the case. 
When k < kE we can also conclude that the solution is unstable for certain values 
of k and M /11R~. The values of kE for a range of f3 are given in Table 4.4. As an 
example, in the case of f3 = 3, shown in Figure 4.5a, it follows that ks = 0.3045. When 
k > 0.3045 there are no stable solutions of this form. We may have one stable solution 
with R 1 / a = .4 753 for k = 2.5, f3 = 3, M/ 1-lRi = 0.3 and also two solutions with 
RJ/a = .4137 and RJ/a = 0.4577 respectively fork= 1.5, f3 = 3, M/11R? = 0.3264, 
both of which may be infinitesimally stable (see also Figure 4.5b). 
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f3 1/2 1 2 3 4 
tE 0.14289 0.1896 0.2679 0.3306 0.3820 
.!!±..!. 
tM2 E 0.3112 0.3300 0.3724 0.4125 0.4484 
kE 4.1703 3.9327 3.4350 3.0437 2.7507 
Table 4.4: The values of kE, tE, t~+I)/(I"i+2 ) vs. f3 
To discriminate between multiple solutions we investigate the solution ( 4.34) further 
on physical grounds. For the convenience of discussion, We call one of the solutions, 
in which, M increases from 0 to Mmax (for 0 < (RI/a) < (RI/a)m) as the first solu-
tion and the other, in which, M decreases from Mmax to 0 (for (R 1 /a)m < (RI/a) < 
(RI/a) 0 ) as the second solution. In figure 4.5, the first solution is denoted by dotted 
lines and the second by solid lines. For a sector of a circular tube with fixed geomet-
ric size values of R1 , R2 and 0 0 , the physically realistic response should give us an 
increasing Cauchy stress Tyy with increasing moment M, that is 
(T~Y- Tyy)(M'- M) > 0, if M' =f. M. ( 4.53) 
It follows from ( 4.36) that 
( 4.54) 
where (RI/ a) and (RI/ a)' are the values of (RI/ a) related to M and M' respectively. 
It can be readily verified that ( 4.53) only holds for the second solution due to the 
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monotonic decrease of M with (RJ/a) . Therefore we can reject the first solution on 
this physical ground. 
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Chapter 5 
Bending of a rectangular block 
In this chapter, we consider another simple non-homogeneous deformation in plane 
strain -the bending of a rectangular block into a sector of circular tube, which is the 
inverse of the deformation considered in Chapter 4. The solution of the considered 
deformation is presented in Section 5.1, and discussions follow in Section 5.2. 
5.1 Solution of the problem 
The non-homogeneous deformation with which we are concerned here is the bending 
of a rectangular block into a sector of circular tube and is illustrated in Figure 5.1. Tn 
plain strain framework, this deformation is usually sought in the form 
r = r(X), -A::::; X::::; A; 0 = o:Y, -B::::; Y::::; B, ( 5.1) 
where, (r, 0) are the polar coordinates in the deformed configuration, (X, Y) are the 
Cartesian coordinates in the reference configuration, and o: is a positive constant to be 
85 
V 
B 
-A A 
0 X 
-B 
Undeformed configuration Deformed configuration 
Figure 5.1: Bending. 
determined. The rectangular block in the undeformed configuration is described as 
-A :S X :SA, -B :S Y :S B, A, B = constants, (5.2) 
and the sector of circular tube in the deformed configuration is characterized by 
r( -A) :S r(X) :S r(A), -aB :S 0 :S aB. (5.3) 
In view of (5.1), we have the physical components of the deformation gradient tensor 
F as 
(5.4) 
For the deformation, the principal stretches Ai are 
(5.5) 
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and from a> 0 we infer that a solution r(X) to the bending problem must necessarily 
satisfy 
dr 
r(X) > 0, dX > 0. (5.6) 
Substitutions of (5.4) and (5.5) into the stress response equations (2.27), (2.29) give 
the components of the Cauchy stress T by 
_ w~ _ [ (dx)i'l+l( )_ 1] _ W2 _ [ dX( )-,'1-l _ Trr- ).
2 
- J.L 1- dr ar ,Too-~- J.L 1- dr ar J,Tro- 0.(5.7) 
In view of (5.1) and (5.7), the radial equation of equilibrium (see (2.98)) 
dTrr 1 ) 
- + -(Trr -Too = 0 dr r 
thus reduces to 
( a ) tl tl+1 d
2
X = (dX)I-tJ. 
fJ + 1 a r dr2 dr 
A first integration leads to 
(5.8) 
(5.9) 
(5.10) 
where C1 is a constant of integration. The second integration of the above equation 
yields a solution in the form 
( 5.11) 
where C1 , C2 are arbitrary constants to be determined by boundary condition. The 
solution (5.11) was examined by Carroll & Horgan for the case of f3 = 2 [17]. On 
introducing 
- (C ,'l )1/,'l , ( ) - 1u d~ u = 1 r - 1 , 'I u = u - ttl , 
0 <, + 1 
(5.12) 
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the solution (5.11) can be rewritten as 
(5.13) 
Note that the solution (5.13) does not depend on the material parameter ll· Explicit ex-
pressions of the function 17 for some values of f3 are given in Table 5.1. The substitution 
f3 ry(u) 
1/2 u - 2,jU + 2ln ( ,jU + 1) 
1 u -in (u + 1) 
2 u- arctan(u) 
3 U _ arclan[(2u-l)/v'3] _ lJn [ (u+1)2 ] _ JJ,. v'3 6 (u2-u+1) 18 
4 U _ arclan(v'2u+1) _ arclan(hu-1) _ flln [u2+flu+1] 2,/2 2,/2 8 u2-J2u+1 
Table 5.1: Explicit expressions of ry(u) 
of solution (5.11) into (5.7) leads to 
Trr = !1[1- (/3 + 1tl-l/(i(art(i-2 (C1r(i- 1)1+1/(i], } 
Tee= !1[1- (/3 + 1t1f(J(art(J- 2 (C1r(J- 1)1/(i]. 
In view of (5.10) the principal stretches A; can now be expressed as 
which are strictly positive for all X E [-A, A] provided that 
v = Ci[r( -A)](J > 1. 
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(5.14) 
(5.15) 
(5.16) 
5.2 Boundary value problem 
5.2.1 The boundary condition of place 
In the first instance we require that the following displacement boundary conditions 
be satisfied by the considered deformation: 
r(-A) = r 1, r(A) = r2, r2 > r 1 > 0, (5.17) 
and 
() = ±Bo, at Y = ±B, Bo > 0, (5.18) 
where r 1 , r2 are given values of the inner and outer radii of the sector of circular tube 
in the deformed configuration (cf. Figure 5.1) and ()0 is a prescribed angle of the sector 
of circular tube. For convenience of following discussion, we introduce the ratio of the 
prescribed radii 
(5.19) 
and in view of (5.12) and (5.16) denote 
(5.20) 
From (5.13) and (5.17) we then find that 
a= Oo/ B ( 5. 21) 
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and 
(5.22) 
(5.23) 
Clearly a is determined by (5.21) and once the parameter v is determined by the 
non-linear equation (5.22), constants C,, C2 can then be obtained from (5.23). On 
substituting (5.22) and (5.23) into (5.13) we can rewrite (5.13) as 
(5.24) 
We note that v is a function of aA, k and (3 only, which implies that for a given 
value (3 the class of deformations with same values of aA and k will have the same 
solution. Therefore, we deduce that (5.24) with (5.20)-(5.22) represents the solution to 
the bending problem (5.9) and (5.17). The numerical examination of the solvability of 
(5.22) reveals that for any prescribed values of aA, k, (3, there always exists a positive 
value of v and that v > 1. 
In view of (5.15) the S-E condition (3.5) is satisfied if and only if 
(5.25) 
which are equivalent to 
(5.26) 
On substituting (5.16) and (5.19) into (5.26) we obtain the specified S-E condition for 
the bending problem under the boundary condition of place in the form 
((3 + l)t~ + l <V< k-{![((3 + l)t£/ + 1], ( 5.27) 
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which require that 
k < kmax = {[(,13 + 1)ti + 1]/[(,13 + 1)t~ + 1jp/il. (5.28) 
It is of interest to note that if k > kmax, i.e. (5.28) is violated, we do not expect that 
the deformed configuration of the body will be described by the equations (5.24) and 
(5.20)-(5.22) since this solution is unstable. Thus k = kmax is the maximum value ofthe 
ratio r2/r1 for which the solution may be stable. The further numerical examination on 
(5.22), (5.27) and (5.28) reveals that for a fixed value of ,8, there exists a specific value 
of aA, namely (aA)max so that for any value of aA > (aA)max the S-E condition is 
always violated. When aA takes the value of (aA)max, the S-E condition holds only for 
the value of k = kmax· Otherwise in the case when aA < (aA)max, the S-E condition 
holds for a range of k, that is, for k E [ k1, k2]. Here, k1 and k2 are functions of a A and 
,8 and we have k1, k2 < kmax· The numerically computed values of kmax and (aA)max 
for a range of ,8 and the numerically computed values of k1 and k2 for a range of ,8 
and a A are shown in Table 5.2. We note that for a fixed value of a A ( < ( aA)max), 
kmax decreases with ,13, which implies that the thickness of the circular tube for which 
the solution may be stable decreases as ,8 increases. Also we conclude that the range 
of thicknesses of the circular tube for which we may have a stable solution becomes 
smaller as ,8 increases because k1 increases with ,13, and k2 decreases with ,13. 
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(3 ( aA)max kmax a A kl k2 
1/2 2.429 10.05 0.50 1.171 3.791 
1. 75 2.240 8.046 
1 2.011 8.374 0.50 1.237 3.320 
1.75 3.506 7.540 
2 1.449 5.934 0.60 1.483 3.205 
1.20 2.972 5.137 
3 1.132 4.603 0.45 1.425 2.515 
0.90 2.510 3.895 
4 0.935 3.820 0.40 1.441 2.254 
0.80 2.609 3.425 
Table 5.2: The values of (aA)max, kmax, kt, k2 vs. (3. 
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5.2.2 The boundary condition of traction 
Now we determine the solution to the bending problem by prescribing boundary con-
ditions of traction. We require that 
and prescribe the moment acting on B = ±80 
l r2 M = Toordr, M > 0, TJ 
where r 1 and r 2 are defined as 
r1 = r( -A), r2 = r(A). 
We note that (5.29) implies (see [50, Section 5.2.4]) 
lr, Toodr = 0. I 
The Cauchy stresses (5.14) can be rewritten as 
Trr = 11{1- ({3 + l)-1-l/fi(m·1t{J-2(~ tfi-2[v(;;-)fi- 1]1+1/fi}, } 
Too= !1{1- ({3 + 1ti/fi(ari)-fi-2(;;-tfi-2[v(;I )fi- 1)1/fi}, 
and the substitution of X= A and X= -A into (5.13) leads to 
(5.29) 
(5.30) 
(5.31) 
(5.32) 
( 5.33) 
(5.34) 
in which u 1 , u 2 are defined in (5.20) and ry(u) in (5.12). Thus (5.13) can be expressed 
as 
(5.35) 
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It is clear from (5.33) and (5.35) that once constants r1 , r 2 , u 1 , u2 , v and a are deter-
mined, the boundary value problem is solved. In what follows we will be discussing 
how these constants are to be determined by making use of (5.29) and (5.30). 
From (5.29) we obtain 
ar, = u\.6+1)/(,6+2)(,8 + l)-(,li+l)/[,li(,li+2)), } 
ar2 = uljl+l)/(,6+2)(,8 + l)-(,li+l)/[,li(,li+2)). 
The substitution of (5.36) 1 into (5.36)2 leads to 
V= [k,li(,li+2)/(,li+l)- 1]/[k,li(,li+2)/(,li+l)- k,li], 
and 
With the help of (5.34)2, r 1 and r 2 can then be expressed as 
(5.36) 
(5.37) 
(5.38) 
( 5.39) 
(5.40) 
Observe that (5.34)2 and (5.37)-(5.40) express u 1,u2,v,a,r1,r2 in terms of the ratio 
k = r2/r1 which, in view of (5.30), is related with the prescribed moment M by 
M k 2 1 2(,8 1) -,li-1 f"2 ____!!__dt: - - + VUI Ju, W'+l)2 <, ( 5.41) 
Clearly once k is determined by (5.41) for a given moment M, then a,v,r1,r2,u1,u2 
can be easily obtained through (5.34)2 and (5.37)-(5.40). 
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The expressions for the principal stretches (5.5) reduce to 
.\1 = (,8 + 1)i/[fJ(fJ+2JJu~/l+l)/(ll+2). (f,- )[v(;y- It~' } 
_x 2 = (,8 + 1)-(/3+1)/[ll(/l+2)Ju\ll+I)/(Il+2)(;, ). 
Since (cf. (5.37)) 
dv(k) ~ < 0, v(1) = ,8 + 2 > 2, v---+ 1, k---+ oo, 
(5.42) 
( 5.43) 
it follows that .\~, .\2 > 0 for all X E [-A, A]. The extreme values of the principal 
stretches (regarded as functions of r) occur on surfaces r = r 1 and r = r 2 due to the 
fact that 
d.\1 d.\2 > 0. 
dr < O, dr (5.44) 
Thus, the S-E condition (3.5) is satisfied if and only if 
1J kll- 1 1J kll(/l+2)/(/l+l) _ kll/(IJ+i) 
(,8 + 1)tE < kll(/3+2)/(fl+i)- kll and (,8 + 1)t];; > klll(fl+J)- 1 . (5.45) 
The numerical examination on (5.45) indicates that (5.45)! holds always and (5.45)2 
reduces to 
(5.46) 
where kE is determined by 
-ll _ kll(fl+2)/(ll+Il _ kMil+I) 
(,8 + 1)tE - kfl/(!3+1)- 1 (5.47) 
Numerical values of kE for ,8 = 1/2,1,2,3,4 are given in Table 5.3 (The values of kE 
are also shown by dots in Figure 5.2). 
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Figure 5.2: M vs. k 
Naturally we would like to gain insight into the behaviour of M= M(k). Hence we 
plot this funct ion in Figure 5.2 with {3 = 1/2, 1, 2, 3, 4 and only for the range of k < kE 
since the solution is unstable when k > kE. 
{3 1/2 1 2 3 4 
tE 0.14289 0.1896 0.2679 0.3306 0.3820 
kE 9.628 7.763 5.406 4.197 3.497 
>.2(r2) 3.214 3.030 2.685 2.424 2.230 
Table 5.3: The values of tE, kE, >.2(r2) vs. {3 
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Observe that lvf attains a maximum A1max = Mmax(fJ) at a certain value of km 
km(f3). This observation implies that (i) if M is given so that M > Mmax there are 
no solutions to this problem and (ii) if M is prescribed so that M < Mmax there 
are two solutions to the bending problem. For convenience of further discussion, we 
denote the first of the two solutions, in which M increases from zero to Mmax (for 
1 < k < km) as the first solution and the other, in which M decreases from Mmax 
(for k > km), as the second solution. The two solutions are shown in Figure 5.2 by 
solid lines and dotted lines respectively. We note that non-uniqueness of this type also 
occurs for the straightening problem and was discussed in Section 4.2.3. We note that 
for certain values of M and f3 there could be two solutions, both of which may be stable 
(cf. Figure 5.2). In order to distinguish between these two possibilities, we check the 
solution (5.35) further on physical grounds. For a given rectangular block (with fixed 
values A, B), the expectation for a physically realistic response of Cauchy stresses of 
the block is that the Cauchy stresses should increase with the moment M. From this 
requirement we should have 
[T~0 (r·1)- Too(rt)](J\tf'- M)< 0, if M'# M. ( 5.48) 
Here T00 (rt) and T00 (rt) are the hoop Cauchy stress corresponding to prescribed values 
M' and M respectively. Thus from the expressions of the Cauchy stresses (5.33), which 
can be re-written as 
1~r = IL{l -u~ll-l(;)-li-2 [v(f;-)ll -1]1+~}, } 
Toe= ft{l- (/3 + l)u~li-t(;";-)-li- 2 [v(f;-)ll -1]~}, 
(5.49) 
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(5.48) reduces to 
( 5.50) 
where u~, v' are values which correspond to the moment Atf' and u 1 , v are values which 
correspond to the moment M. The numerical examination of (5.37), (5.38) and (5.50) 
indicates that (5.50) holds only for the first solution, which is shown by the solid lines 
in Figure 5.2, due to the monotonical increase of M with k. Therefore we can reject 
the second solution, shown by dotted lines in Figure 5.2, on physical grounds. 
The ratio S of the cross-sectional area of the body in the deformed configuration 
to the cross-sectional area of the body in the reference configuration is 
(5.51) 
The plot of S vs. k is shown in Figure 5.3. It can be seen from Figure 5.3 that the 
body expands after the deformation and S is an increasing function of j3 (for fixed k) 
and also k (for fixed /3). 
In view of the monotonical variations of the principal stretches along the r-axis (see 
(5.44)), t.he extreme values of the principal stretches at r = r· 1 and r = r 2 are 
(5.52) 
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Figure 5.3: S vs. k. 
The variations of A1(r1),)'I (r2), >.2(r1), >.2(r2) vs. k ( < ke) are plotted in Figure 5.4. 
It can be seen from Figure 5.4 that >.1(r1) > 1, >.2(r2) > 1 and >.2(r2) > >.1(r1). The 
values of >.2 (r2 ) when k = ke , which represent the maximum values of the principal 
stretches beyond which the strong ellipticity condition will be violated, are given in 
Table 5.3. Comparison of Table 5.3 with Table 4.3 reveals that the values of >.2 (r2 ) 
when k = ke obtained here are the same as those obtained from the deformation of 
straightening. 
The variations of TTT) Too, as functions of r, are plotted in Figure 5.5. Clearly, Trr 
is in compression for r E (rll r2 ) and vanishes at r = r 1 and r = r2 . On the other 
hand, Too is in compression at r = r 1 but is in tension at r = r2 . Also, we note that 
T00(r2 ) -4 I" as {3 increases. It is of interest to note that, for increasing values of /3, Too 
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increases faster along the r-axis and the magnitudes of Too, Trr become larger (for all 
r E [r1 , r 2]) and that, otherwise, the distributions of Cauchy stresses are similar. 
An examination of Figure 5.2 reveals that, as (3 increases, a larger value of J\1 is 
needed in order to produce the same value of k. Once again, we can draw the conclusion 
that the material hardens as (3 increases. 
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Chapter 6 
Eversion of cylindrical and 
spherical shells 
The problem of eversion has been a particular interesting topic in the context of finite 
elastic theory since this eversion suggests that the equilibrium equations describing the 
problem should have at least two solutions, differing by more than a rigid displace-
ment (see [65, 66]). However, although the problem has been formulated carefully in 
the 1950's (cf. Green & Adkins [67] and Truesdell & Noli [4 7]) and much work has 
been done for incompressible, elastic materials [68, 69, 66, 70, 72], many questions still 
remain open for isotropic, compressible elastic materials. In this chapter, we investi-
gate the eversion of cylindrical and spherical shells composed of the material (3.1). In 
Section 6.1 we obtain exact solutions for the eversion of cylindrical shells, and then con-
tinue discussions paying special attention to the stability of the solution. In Section 6.2 
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we present results regarding the spherical eversion. 
6.1 The eversion of cylindrical shells 
We consider a cylindrical shell which, in the undeformed configuration, occupies the 
domain: 
A :::; R:::; B, 0 :::; 0 < 211', 0 :::; Z :::; L (6.1) 
where (R, 0, Z) are cylindrical polar coordinates and A, B, L are positive constants 
with B > A. This cylindrical shell is then everted into another cylindrical shell which 
occupies the region 
a :::; r :::; b, 0 :::; B < 211', -I :::; z :::; 0 (6.2) 
in which (r, B, z) are cylindrical polar coordinates in the deformed configuration. Note 
that outer surface R = B in the undeformed configuration is everted into the inner 
surface r = a in the deformed configuration and that the inner surface R = A, in 
the undeformed configuration is everted into r = b, the outer surface in the deformed 
configuration. Here l is the length of the cylindrical shell after eversion. We assume 
that the deformation can be described as 
r = r(R), 0 = 0, z = ->..Z (6.3) 
where>..= l/ L. In view of (6.3) the deformation gradient tensor F is 
(6.4) 
104 
and this admits a polar decomposition F VR with rotation and left stretching 
tensors 
(6.5) 
and 
(6.6) 
Thus, the principal stretches A; are given by 
(6.7) 
Since A > 0 we infer that a solution r(R) to the eversion problem must necessarily 
satisfy 
dr· 
r(R) > 0, dR < 0. (6.8) 
The equilibrium equations for this deformation reduce to 
dTTT 1 (n T. ) 
-1 - + - 1 TT - OB = 0' 
er r 
(6.9) 
where components of the Cauchy stress T, (which can be obtained by substituting 
(3.1), (6.4) and (6.7) into the stress response equations (2.27), (2.29)), are 
r dRi3+1 R 1] 
T,.T = ll [I - (- cl';) . ( -;:-) . :X ' 
n R {3+1 dR 1] 
1 BB = fl[1 + (-;:-) · cl'; · :X , (6.10) 
R dR 1 
Tzz = ft[1 + -;:- · cl';· ,\tJ+I], 
1~B = T,.z = Tzo = 0. 
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Thus the substitution of (6.10) into (6.9) leads to the following nonlinear, second-order 
ordinary differential equation for r(R): 
( 6.11) 
We note that the equation (6.11) does not involve the axial stretch ..\. By using the 
change of variable 
Ar R dr 
w=-=--·->0 
- ..\o r dR ' (6.12) 
introduced by Abeyaratnc & Horgan [15, 23], the above differential equation can be 
shown to be cqui valent to 
or 
dw ~ (;3 + l)r·- = -[;J + 2 + (;J + l)w + w +I] 
dr 
dw ~ (;3 + 1)R- = w[;J + 2 + (;3 + l)w + w +1]. 
ciR 
Solutions of this pair of parametric equations can be written in the form 
(6.13) 
( 6.14) 
(6.15) 
where c,, C2 (> o) arc two constants of integration and functions r(w), R(w) arc 
defined by 
In [r(w)] = -(;3 + 1) j 1/[;3 + 2 + (;3 + 1)w + w~+']dw, (6.16) 
In [R(w)] = (;J + 1) j 1/{w[;J + 2 + (;3 + l)w + wP+ 1]}dw. (6.17) 
106 
We have found explicit expressiOns for (6.16) and (6.17) in the case when 
f3 = 1/2,1,2,3,4. As an example, in the case when f3 = 1, the expressions for r(w) 
and R(w) are 
f(w) = e-vf2a.rctan((w+I)/vf2J, 
R(w) = e-4a.rctan[(w+I)/V2l. w~ · (w2 + 2w + 3)-t. 
Inthe case of f3 = 2, (6.16) and (6.17) reduce to 
r(w) = e--"Warctan[(2w-!)/v'l5]. (w2- w + 4)i. (w + 1)-~, 
R(w) = e-~ arctan[(2w-1)/v'l5] . wf . (w2 _ w + 4tk . ( W + 1)-~, 
(6.18) 
(6.19) 
(6.20) 
( 6. 21) 
which are simply those obtained previously by Carroll & Horgan [17]. Exact analytical 
expressions for r( w) and R( w) in the case when f3 = 1/2, 3, 4 (where certain constants 
have been approximated for the sake of simplicity) are given in Table 6.1 and Table 
6.2 respectively. 
From (6.15) we can see that the solutions are now expressed as functions of the 
parameter w, which belongs to a certain range of [wA, wa]. Here WA, wa are the values 
of w at R =A and R = B, that is, 
(6.22) 
Also, we have 
(6.23) 
We use the boundary condition of zero traction on the surfaces of the cylinder, 
Trr(a) = Trr(b) = 0, 0 :S fJ < 2rr, -[ :S Z :S 0, 
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(6.24) 
(J 
1/2 
3 
4 
(J 
1/2 
3 
4 
ln[r(w)] 
-.7607 arctan (.9453JW- .2735)- .4636ln (w- .5786 JW + 1.2027) w
+.9271ln ( JW + 2.0786) 
-.1656 arctan ( .6872w - . 7551) - .9773 arctan (1.8352w + 2.0163) 
-.1760ln [(w2 + 2.1974w + 1.5040)/(w2 - 2.1974w + 3 .3244)] 
+ .6295) -.0926 arc tan ( .9089w - 1.1588) - .4523 arc tan ( .8123w 
+.1332ln ( w2 - 2.550w + 2.8358) 
+.1168ln (w2 + 1.550w + 2.1158) -In ( w + 1)/2 
Table 6.1: Expressions of r( w) for (J = 1/2, 3, 4. 
ln[R(w)] 
-.1521arctan(.9453JW- .2735)- .4927ln(w- .5786 JW + 1.2027) w
+.6ln ( w) - .2146ln ( JW + 2.0786) 
-.0993 arc tan ( .6872w - . 7551) - .5864 arctan (1.8352w + 2.0163) 
-.3056ln (w2 + 2.1974w + 1.5040)- .0944ln (w2 - 2.1974 w + 3.3244) 
+.8ln (w) 
-.06174arctan (.9089w- 1.1588)- .3015arctan (.8123w + .6295) 
-.07786ln ( w2 - 2.550w + 2.8358) - .08881ln ( w2 + 1.550 w + 2.1158) 
+.83333ln(w) -ln(w + 1)/2 
Table 6.2: Expressions of R( w) for (J = 1/2, 3, 4. 
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and, by considerations similar to those in [72, 68], we replace the point-wise end con-
ditions 
Tzz = 0 at z = 0 and z = -1, 0 :::; 8 < 21r, a :::; r:::; b ( 6. 25) 
with the averaged end conditions 
N =: 271" lb rTzzdr = 0, for z = -I, 0. (6.26) 
Here N is the resultant force on the ends z = -l or z = 0 and (6.26) means that the 
resultant force on the ends of the cylinder is zero. Note that the eversion problem is 
fully defined by (6.15) with (6.22), (6.24), and (6.26). 
On substituting (6.10) and (6.15) into (6.22), (6.24), and (6.26) we obtain the 
following expressions to determine the unknown constants Cl, C2, WA, wa, A: 
- B-
R(wa) = A R(wA), (6.27) 
(/l+l)/(/l+2) r(wA) _ (/l+I)/(/l+2) r(wa) 
UJ A . - WB . ' R(wA) R(wa) (6.28) 
).i'l(!'l+3)/(i'l+2) = I't?(wa)- R2 (wA) . [ r(wA) 12. 1lJ2(/l+l)/(!'l+2) 
r 2(wA)- r 2 (wa) R(wA) A ' (6.29) 
C -A -(!'l+i)/(!'l+2)[-( ))-] ,-I/(i'l+2) 1 - UJA 7' WA A , (6.30) 
(6.31) 
For any given value A/B, wA,WB can be determined by simultaneous equations (6.27) 
and (6.28). Then >., C 1 , C2 can be easily found from (6.29) - (6.31). However, this 
determination can only be carried out numerically due to the high non-linearity of these 
equations. For certain values of A/Bin the interval [0.01,0.99] and f3 = 1/2,1,2,3,4 
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we calculate the numerical values of wA, ws, >. from (6.27) - (6.29), which are plotted 
in Figure 6.1 and Figure 6.2. It can be seen that WA is always less than unity and it is 
an increasing function of (J (when A/ B is fixed) and A/ B for fixed (J. When A/ B--; 1, 
wA --; 1 and WA --; 0 as A/ B --; 0. On the other hand, ws is always greater than 
unity and decreases with (J (for fixed A/ B) and A/ B when (J is fixed. For fixed value 
(J, when A/ B tends to unity ws tends to unity also (see Figure 6.1). 
From Figure 6.2 we note that the axial stretch >. is an increasing function of A/ B 
when (J is fixed and >. < 1 holds always, which implies that the cylinder becomes shorter 
after being everted. This result is different from the results obtained by Haughton & 
Orr [72] for several incompressible materials (including the Varga material, the Neo-
Hookean material and the three-term material, proposed by Ogden [56]) when it is 
shown that for these materials, the cylinder becomes longer after eversion. It should 
be borne in mind that neither shortening nor elongation are universal results since 
Chad wick has proved that shortening may accompany eversion for some Mooney-Rivlin 
materials also [69]. 
The ratio of the cross-sectional areas of the cylindrical shell before and after eversion 
is defined by 
(6.32) 
which is plotted in Figure 6.3. It can be seen that S is an increasing function of A/ B 
(when (J is fixed) and of (J (for fixed A/ B) and that it is always greater than unity, 
which indicates that the cross section of the cylinder expands after eversion. 
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Figure 6.1: WA, wa vs. A/Bin cylindrical eversion. 
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The deformed inner and outer radii a and bare given by 
- B -(fl+ I )/(.0+2) I -1/(.0+2) a- w 8 A (6.33) 
and 
(6.34) 
and numerical results obtained for a/A, aj B, bj B (for certain values of A/ B and {3) 
are illustrated in Figure 6.4. These numerical results indicate that 
A< a< B, b > B (6.35) 
which implies that. the cylinder becomes thicker after eversion. It can be seen from 
Figure 6.4 that both aj A and b/ B are decreasing function of A/ B and we note that 
for A/ B E (0, 0.1) the rate of decrease of aj A is much faster than that of bj B. For 
example, when AjB = 0.01, a is about 60 times larger than the radius A but b is only 
(1.1- 1.5) times larger than B. This phenomenon appears to contradict the intuition 
and it can be seen from the diagram of ajb vs. A/ B also (Figure 6.5). These 'abnormal' 
phenomena remind us again that the existence of solution does not by itself guarantee 
that the solution is physically realistic, as pointed out by Aron & Wang [32]. 
In what follows we will be discussing the stability of the solution to the boundary 
value problem of traction with the help of the strong-ellipticity condition (3.5). We 
define 
= Ar _ ,\-(fl+3)/(.a+2) -(fl+I)/(.6+2). r(w)R(wA) 
Wrz - 1 - W W A ( ) _( ) 1 
Az R W T WA 
(6.36) 
= -\o _ ,\ -(.a+3)/(.a+2) -(.a+ 1 )/(.0+2) . r( w )R( wA) 
Woz- Az - wA R(w)r(wA)' (6.37) 
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and recalling (6.12), we write the strong-ellipticity condition (3.5) in the form 
Recalling (6 .22) we find that (6.38h is equivalent to 
(6 .38) 
(6.39) 
Numerical examination on (6.39) reveals that: (i) for any given value of A/Bin the 
interval of [0.01, 0.99] and for fJ = 1/2, 1, 2, 3, 4, the condition WB < 1/tE holds always 
and (ii) the condition tE < WA yields the following restriction on A/ B: 
(6.40) 
where (~)Eisa certain value in a range of (0.3 ""'0.6) which depends on {:J. Certain 
numerical values for (A/ B)E are given in Table 6.3 and illustrated in Figure 6.1 by dots. 
115 
Numerical experiments indicate that when ~ is prescribed such that ~ > ( ~ )E, the 
(3 1/2 1 2 3 4 
lE 0.14289 0.1896 0.2679 0.3306 0.3820 
( ~)E 0.3416 0.3680 0.4245 0.4 762 0.5203 
[(~)E]-1-1 1.9277 1.7176 1.3559 1.1000 0.9220 
Table 6.3: ( ~ )E vs. (3 in cylindrical eversion. 
inequalities (6.38)2 and (6.38)3 are satisfied also. Thus (6.39) 1 appears to be a necessary 
condition for the stability of this solution. Since the range ((A/ B)E, 1) is different from 
the range for which a/ A decreases very fast (see the comments on Figure 6.4), it follows 
that if the ratio A/ B is such that. A/ B > (A/ B)E the 'abnormal' phenomenon will not 
be observed in practice. It is of interest to note that the maximum thickness of the 
cylindrical shell for which we may have a stable solution to the considered problems, 
(given by [(~)E]- 1 - 1), is less than twice that of the original inner radius and this 
maximum thickness becomes smaller as (3 increases. As an example, when (3 = 4 the 
maximum possible thickness of the cylindrical shell must be less than the inner radius 
A (see Table 6.3). 
Also we are interested in the distributions of the Cauchy stresses T. From (6.10) 
and (6.15) we find that 
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(6.41) 
The distributions of Trr, Too, 1~z along the r-axis when A/ B = 0.5 are plotted in Fig-
ure 6.6 (The distributions of the Cauchy stresses are similar for different values of 
A/ B). Observe from Figure 6.6 that the radial stress Trr is always in compression 
and vanishes at r = a and r = b. The hoop stress Too is in tension at 7" = a and in 
compression at r = b since Too( a)= ft(l- w~) < 0 and Too( b)= Jl(l- w~) > 0. Both 
Too and 1~. increase along the r-axis. It is of interest to note that, for increasing values 
of (3, the stresses vary faster along the r-axis and that, otherwise, the distributions 
of the Cauchy stresses are similar when f3 takes different values ((3 = 1/2, 1, 2, 3, 4 ). 
Also, for a fixed value of A/ B, greater magnitudes of the stresses correspond to larger 
values of (3, and this verifies again the conjecture that the material becomes harder as 
f3 increases. 
6.2 The eversion of spherical shells 
In this section, we consider the eversion of a spherical shell. The region occupied by 
the spherical shell in the undeformed configuration is described by 
A :::; R :::; B, 0 :::; 0 :::; 0o, 0 :::; <I> < 21r (6.42) 
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Figure 6.6: Trr , Too, Tzz along the r -axis. 
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where (R,0,<I>) are spherical polar coordinates and A,B,00 are positive constants. 
The spherical shell is everted into another spherical shell which occupies a domain 
(6.43) 
in the deformed configuration. Here (r, 0, if>) are spherical polar coordinates also and 
a, b are the positions of the deformed inner and outer surfaces. We assume that the 
solution for this eversion problem is of the form 
r = r·(R), (I= rr- 0, if>= <I>. ( 6.44) 
With the help of (6.44) we find that 
(6.45) 
The polar decomposition F = VR gives the rotation and left stretching tensors 
(6.46) 
and 
(6.4 7) 
Therefore, the principal stretches A; can then be written as 
(6.48) 
and we require that 
dr 
1·(R) > 0, dR < 0. (6.49) 
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For this deformation, components of the Cauchy stress T are 
, W1 [ dR (J+I ( R 2] Trr =- = /l J - ( --) · -) , 
>.o>.q, dr r 
W2 . R (3 2 dR Too = TM = - = lt[l + (-) + · -], ArAo r· dr (6.50) 
and the equilibrium equation 
dTrr 2 (T T ) _ O 
-- + - rr - · 00 -dr r (6.51) 
reduces to the following nonlinear, second-order ordinary differential equation for r·(R) 
(6.52) 
By making use of the substitution w = Ar/ >.o = Ar/ >.q, [15, 23], equation (6.52) 
yields the following pair of parametric equations: 
and 
dw (3 (,8 + l)r- = -[,8 + 3 + (,8 + l)w + 2w +I] dr 
dw (3 (,B+l)RciR =w[,8+3+(.8+l)w+2w +I]. 
(6.53) 
(6.54) 
As in the case of cylindrical eversion, solutions to these parametric equations can be 
written in the form 
(6.55) 
120 
where C1 , C2 (> o) are two constants of integration and the functions 1'(w), R(w) are 
defined by 
In [1'(w)] = -((J + 1) J l/[(J + 3 + ((J + l)w + 2wfl+ 1Jdw, (6.56) 
In [R(w)] = ((J + l) J 1/{w[(J + 3 + ((J + l)w + 2wfl+ 1]}dw. (6.57) 
We have obtained explicit expressions for (6.56) and (6.57) for (J = l /2, l, 2, 3, 4. For 
instance, in the case when (J = l, expressions of r(w) and R(w) are 
(6.58) 
R(w) = e-~arclan[(2w+l)/ft]. w~. (u? + w + 2rt. (6.59) 
In the case of (J = 2 (6.56) and (6.57) reduce to 
r(w) = e-arclan[(2w-l)/3]/3. (2w2- 2w + 5)~. (w + tr!, (6.60) 
k(w) = e-2arclan[(2w-!J/3J/!s. w~. (2w2 _ 2w + 5rA-. (w + 1)-!, (6.61) 
which are the same as those obtained previously by Carroll & Horga.n [ 17]. The exact 
analytical expressions of 1'( w) and R(w) in the case when (J = 1/2, 3, 4 (with approxi-
mate constants for simplicity) are given in Table 6.4 and Table 6.5 respectively. 
In view of (6.55)-(6.57) we can see that the solutions for the eversion problem 
are now expressed as functions of the parameter w, which belongs to a certain range 
[wA,ws]. Here wA,wB are the values of w for which R =A and R = B respectively: 
R(wA) =A, R(ws) =B. (6.62) 
Also, we have 
·r(w;~) = b, 1·(ws) =a. (6.63) 
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f3 ln[f( w )] 
1/2 -.5624arctan (.9962-JW- .3804)- .2468ln (w- .7637-JW + 1.1534) 
+.4935ln ( yfu! + 1.5137) 
3 -.5553arctan (1.6234w + 1.5444)- .1573arctan (.8361w- .7954) 
-.1393ln [(w2 + 1.9026w + 1.2845)/(w2 -1.9027w + 2.3356)] 
-.3871 arctan (.8949w + .5547)- .09043 arctan (1.0603w- 1.1874) 
4 +.05426ln (w 2 + 1.2396w + 1.6329) 
+.1124ln (w 2 - 2.2396w + 2.1434) -In (w + 1)/3 
Table 6.4: Expressions off( w) for f3 = 1/2, 3, 4. 
f3 ln[R(w)] 
1/2 -.07990 arctan (.9962-JW- .3804) - .3219ln (w- .7637 yfu! + 1.1534) 
+.4296ln (w)- .2153ln (vw + 1.5137) 
-.2776 arctan ( 1.6234w + 1.5444) - .07863 arc tan ( .8361 w - . 7954) 
3 -.2363ln (w 2 + 1.9026w + 1.2845)- .09701ln (w 2 - 1.9027w + 2.3356) 
+.6667ln(w) 
-.2212 arctan (.8949w + .5547)- .05168 arctan (1.0603w- 1.1874) 
4 -.1119ln (w 2 + 1.2396w + 1.6329)- .07862ln (w 2 - 2.2396w + 2.1434) 
+.7143ln (w) -In (w + 1)/3 
Table 6.5: Expressions of R(w) for f3 = 1/2,3,4. 
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The integration constants C1 and C2 can be determined by prescribing the traction 
to be zero on the surfaces of the spherical shell, that is 
Trr(a) = l~r(b) = 0. (6.64) 
Thus, substitutions of (6.50) and (6.55) into (6.62) and (6.64) yields 
. B . 
R(wa) = A R(wA), (6.65) 
(11+1)/(,6+3) r(wA) - W(,ll+l)/(,6+3). r(wa) 
wA .R(wA)- 8 R(wa)' (6.66) 
cl= Aw~(,6+l)/(,6+3)[·l(wA)t 1 , (6.67) 
(6.68) 
For any given value of A/ B, wA, wa can be determined by the two simultaneous equa-
tions (6.65) and (6.66). Then C1 , C2 can be easily found from (6.67) and (6.68). For 
certain values of A/ B in the interval of [0.03, 0.99] and when (3 is prescribed such that 
(3 = 1/2, 1, 2, 3, 4, we have calculated the numerical values of wA, w 8 from (6.65) and 
(6.66), which are plotted in Figure 6.7. It can be seen that WA is always less than unity 
and it is <HI increasing function of (3 (when A/ B is fixed) and an increasing function of 
A/ B for each fixed value of (3. When A/ B ---> 1, WA ---> l and w11 ---> 0 as A/ B ---> 0. 
On the other hand, wa is always greater than unity, decreases with (3 for a given value 
A/ B and also decreases with A/ 13 when (3 is fixed. When A/ B tends to unity w 8 
tends to unity also (sec Figure 6.7). 
The ratio of the volumes of the spherical shell before and after eversion is 
(6.69) 
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Figure 6.7: WA , WB vs. A/Bin spherical eversion. 
124 
1.9 {3=4 
1.7 
-
{3=3 
{3=2 
> 1.5 
{3 =1 
{3 =1/2 
--
-1.3 -
-
...... 
-
-
-
-1.1 -
-
---- -----
0.9 
0 0.2 0.4 0.6 0.8 1 
A/B 
Figure 6.8: The plot of V vs. A/ B in spherical eversion. 
The variation of V with A/ B for {3 = 1/2, 1, 2, 3, 4 is illustrated in Figure 6.8. It can 
be seen from Figure 6.8 that the values of A/ B and {3 decide whether the deformation 
is compressive or tensile. We note that the monotonic decrease of the volume observed 
in cylindrical eversion (V = >. - 1 ), no longer holds in the case of spherical eversion. 
The deformed inner and outer radii a and bare now given by 
and 
_ B -(.0+1)/{IH3) 
a- w 8 
b _ A -(1'3+1)/(.0+3) 
- WA , 
(6. 70) 
(6. 71) 
which are plotted in Figure 6.9. Observe that features of the distributions shown by 
Figure 6.9 are different from those in the case of cylindrical eversion. The conclusions 
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Figure 6.9: ajA ,a/B,b/B vs. A/Bin spherical eversion. 
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Figure 6.10: ajb vs. A/ B in spherical eversion. 
that a/ A > 1 and bj B > 1, obtained for the cylindrical eversion, are no longer valid 
in this case. But the 'abnormal' phenomena, found by observations on Figure 6.4 and 
Figure 6.5, appears for this spherical eversion also (see Figure 6.9 and Figure 6.10). 
In view of the fact that w = >.,j >.o = >.,j >.4-, the 3-dimensional S-E condition (3.5) 
reduces to the following restriction imposed upon the thickness of the spherical shell: 
(6.72) 
where {~)~,regarded as a function of /3, is an upper bound for the thickness of spherical 
shell and is given numerically in Table 6.6 (It is also shown in Figure 6.7 by dots). By 
comparing Table 6.3, (which gives the results for cylindrical eversion), with Table 6.6 
we find that the maximum thickness of a spherical shell for which we may have a stable 
solution for the eversion problem is much smaller than the maximum thickness of a 
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(3 1/2 1 2 3 4 
lE 0.14289 0.1896 0.2679 0.3306 0.3820 
( ~ )~ 0.4547 0.4638 0.4970 0.5303 0.5629 
[(~)d-l- 1 1.1992 1.1562 1.0122 0.8859 0.7764 
Table 6.6: ( ~ )~ vs. (3 in spherical eversion. 
cylindrical shell for which the inverted configuration may be stable. 
From (6.50) and (6.55) we find that 
(6. 73) 
Variations of Trr, Too along the 1·-axis are plotted in Figure 6.11 and Figure 6.12 re-
spectively. Comparing Figure 6.11 and Figure 6.12 with Figure 6.6, where we have 
illustrated the distribution of stresses for cylindrical eversion, we find that the distribu-
t.ions of Trr and Too in the spherical eversion are very similar to those in the cylindrical 
eversion. Also, as before, we can draw the conclusion that the material becomes harder 
as (3 increases since greater magnitudes of the Cauchy stresses correspond to larger val-
ues of (3. 
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Figure 6.11: Trr along the r-axis in spherical eversion. 
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Figure 6.12: Tee along the r-axis in spherical eversion. 
130 
Chapter 7 
Radial cylindrical expansions 
In this chapter we consider radial cylindrical expansions. The formulation of the prob-
lem is presented In Section 7.1 and the solutions are given in Section 7.2. The discussion 
on the solution follows in Section 7.3 and Section 7.4. 
7.1 Formulation of problem 
We are concerned with a right circular cylinder in the reference configuration, whose 
cross-section is described by 
A ::::; R ::::; B, 0 < 8 ::::; 21r, (7.1) 
where (R, 8) are cylindrical polar coordinates and A, B stand for the inner and outer 
radii of the considered cylindrical shell respectively. Note that if B is given such that 
B --> =, (7.1) describes a cylindrical cavity in an infinite medium. The cylinder is 
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Undeformed configuration Deformed configuration 
Figure 7.1: The illustration of cylindrical expansion. 
subjected to an internal pressure PA on its inner surface and an external pressure P8 
on its outer surface. The deformation with which we are concerned maps a point 
with polar coordinates (R, 0) in the undeformed configuration into a point with polar 
coordinates (r, B) in the deformed configuration. The region occupied by the cylinder 
in the deformed configuration is 
a :::; r :::; b, 0 < () :::; 27r (7.2) 
where a and bare the deformed inner and outer radii of the cylinder (The deformation is 
illustrated in Figure 7.1). We assume that a state of plane strain prevails and moreover, 
that the deformation is axisymmetric and can be sought in the form 
r = r(R) > 0, () = 0, (7.3) 
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where the positive function r(R) is to be determined and is assumed to be twice con-
tinuously differentiable on A :::; R :::; B. 
The polar components of the deformation gradient tensor F associated with (7.3) 
are given by 
FTT = r(R), Fee = r(R)/ R, Fro = For = 0 (7.4) 
where the dot denotes differentiation with respect to the argument. The principal 
stretches associated with the radial deformation (7.3) are 
Ar = r(R), Ae = r(R)/ R, (7.5) 
and they are required to be positive for RE [A,B]. We assume that the cylinder is 
composed of the generalized Blatz-Ko material, whose strain energy function is given 
by (3.1). Thus, from (3.1), (2.29), (7.4) and (7.5) we obtain the following expressions 
for the Cauchy stress T: 
. R(dR !3+1] _ R !3+1 dR] _ Trr = JI[l - - -d ) , Tee - J1[1 - (-) -d , Tre - 0. 
r r r r 
In view of (7.6) the equilibrium equation reduces to 
dT,r 1 ( ) 
-d- + - Trr - Tee = 0 
r r 
(7.6) 
(7.7) 
which can be expressed as the following second-order ordinary differential equation for 
r(R): 
(7.8) 
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From the prescribed boundary conditions of traction 
Trr = -PA, at r =a and Trr = -Pa, at r = b, (7.9) 
the function r(R) must also satisfy 
(7.10) 
Here we assume that 
(7.11) 
The cylindrical expansion problem now consists of (7.8), (7.9) and (7.10) and in next 
section we will focus our attention to the finding of exact solutions for this boundary 
value problem. 
7.2 Solution to the boundary value problem 
By using the variable substitution proposed by Abeyaratne & Horgan [15, 23] and used 
in Chapter 6 of this thesis, namely, 
Ar R . 
w = Ao =--;:. r, 
the differential equation (7.8) can be shown to be equivalent to 
dw ~ ((3 + 1 )r- = (3 + 2 - ((3 + 1 )w - w +l 
dr 
134 
(7.12) 
(7.13) 
or 
dw ({3 + I)R dR = w[{3 + 2- ({3 + 1)w- wil+1]. 
Note that 
t > 0, ~ > 0, 
dr < 0 dR < 0 
dw ' dw ' 
for 0 < w < 1, } 
for w > 1. 
(7.14) 
(7.15) 
Here, we consider the possibility of w(R) being identically equal to unity for the 
whole region of A::::; R::::; B. Note that w(R) = l satisfies both (7.13) and (7.14) and, 
from (7.12), it follows that this situation corresponds to homogeneous deformation 
r(R) = CR (C- constant), which yields (see (7.6)) TTT =Too = !-L(1- c-fl-2 ). This 
solution therefore cannot satisfy boundary conditions of the type we consider here (see 
(7.9)). According to the Proposition 6.4 in [71], if there exists a single value R0 of 
R such that w(R0 ) = I, the only sufficiently regular solution of (7.13) and (7.14) is 
r·(R) = CR. Consequently, we assume in what follows that w f= 1 and we can confine 
our attention to finding non-homogeneous deformations which are solutions of (7.13) 
and (7.14). We consider this boundary value problem only for the cases when (i) {3 is 
an integer and (ii) {3 is a rational number of the form {3 = 1/m, where m is an integer. 
CASE ONE: (3 = n (n > 1, integer) 
We rewrite (7.13) in the form 
dw dr (7.16) {3 + 2 - ({3 + I )w - wfl+l ({3 + l )r 
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and from observation that ( 1 - w) is a factor of the denominator in the left hand side 
of (7.16), we find that 
{3 
,8 + 2- (,8 + 1)w- wfi+I = (1- w)(L= wi + ,8 + 2). (7 .1 7) 
i=l 
We seek partial fractions for the coefficient of dw in (7.16) in the form 
.._.{3 {3-i 
a0 L-i-I a;w 
-1 - + .._.{3 . ' 
- w ui=I w' + .B + 2 
(7.18) 
which, in view of (7.16) and (7.17), leads to 
a0 = 1/[2(,8 + 1)], a;= i/[2(,8 + 1)], i = 1, 2, ···,,B. (7.19) 
Thus, (7.16) reduces to 
[. 1 2::7-~
1 (,8 - i)wi Jd _ 2dr 
--+ W--. 
1 - w I:f=1 wi + ,B + 2 r 
(7.20) 
We define a function h( w) as 
l w .._.(i-I(a ') i h(w) = u;-o ~ -z u du o I:i=I u' + ,8 + 2 (7.21) 
and note that it satisfies 
h(O) = 0; h'(w) > 0, h(w) > 0, for w > 0. (7.22) 
The solution of (7.13) can now be expressed as 
(7 .23) 
where" I I" means the absolute value and C1 is an integration constant. 
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Also, we can find the solution R(w) of (7.14) along similar lines. Thus, with the 
help of (7.17)-(7.19), we rewrite (7.14) as 
(7.24) 
and, on assuming a partial fraction decomposition of the coefficient of dw in the left 
hand side of (7.24) of the form 
_1_ + .!._ + b0 + 2::~-J b;wf3-i 
1-w w w L:~= 1 wi+f3+2' (7.25) 
we find that 
bo=/3/(/3+2); b;=i-1-b0 , i=1,2,···,/3. (7.26) 
We define another function g( w) 
1w 2:{3-! i g(w) = f3 i-:-o u du o L:i=l u' + /3 + 2 (7.27) 
which has the same features as h(w), i.e. 
g(O) = 0; g'(w) > 0, g(w) > 0, for w > 0. (7.28) 
Therefore, we find the solution of (7.14) in the form 
where C2 is an integration constant. We note that (7.23) with (7.21) and (7.29) with 
(7.27) provide parametric solutions to the differentiation equation (7.8) in the case 
when /3 = n. 
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Explicit expressions of h(w) and g(w) (see (7.21) and (7.27)) in the case when f3 = 1 
are given by 
h(w) = g(w) =In (w/3 + 1). (7.30) 
In the case of f3 = 2 (7.21) and (7.27) reduce to 
1 2 JI5 (2w+1) JI5 1 h(w) = -2 In (w + w + 4) +- arctan !"U -In 2-- arctan !"U,(7.31) 5 V 15 5 V 15 
and 
1 2 1 (2w + 1) 1 1 g(w)=-ln(w +w+4)+ !"Uarctan !"U -ln2- !"Uarctan ,r;-;:,(7.32) 
2 V 15 V 15 V 15 V 15 
which are the same as those previously obtained by Carroll & Horgan [54]. Explicit 
expressions of h( w) and g( w) in the case when f3 = 3, 4 are given in Table 7.1 and 
Table 7.2 with approximate constants for simplicity. 
f3 h(w) 
3 .8793 arc tan ( .6371 w - .2807) + .3232ln ( w2 - .8813w + 2.658) 
+.3535ln ( w + 1.881) - .2987 
4 .1852arctan (.9089w + 1.1588) + .9046arctan (.8123w- .6295) 
+.2664ln (w2 + 2.5498w + 2.8358) + .2336ln (w2 - 1.5498w + 2.1158)- .1036 
Table 7.1: Expressions of h(w) for f3 = 3,4. 
In view of (7.15) and the fact of w "/= 1, the parameter w should belong to the 
interval [wA, wB], where either 
0 < WA < W < WB < 1 (7 .33) 
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f3 g(w) 
3 .2198 arctan ( .6371 w - .2807) + .3308ln ( w2 - .8813w + 2.658) 
+.3384ln (w + 1.881)- .4771 
4 .03705 arctan (.9089w + 1.1588) + .1809 arctan (.8123w- .6295) 
+.2533ln (w2 + 2.5498w + 2.8358) + .2467ln (w2 - 1.5498w + 2.1158)- .3791 
Table 7.2: Expressions of g(w) for f3 = 3,4. 
or 
1 < WB < W < WA (7.34) 
and WA and wa are values of w such that 
R(wA) =A, R(wa) =B. (7.35) 
From (7.29), we see that the values WA, wa can be determined from the pair of equations 
(7.36) 
where the auxiliary function <I>( w) is defined as 
(7.37) 
By using (7.6), (7.12), (7.23) and (7.29), the components of the Cauchy stresses 1~r 
and Too can also be expressed in terms of w as 
Trr = f.L[1 _ w-11-I ( ~ )11+2] = f.L[ 1 _ ( §7 )11+2e-(11+I)g(w)J, } 
Too= f.L[1- w-1(~)11+2] = 11-[1- (§7)11+2wl1e-(11+I)g(wJ]. 
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(7.38) 
The substitution of (7.38) into (7.9) gives 
(1 + ~ )eUl+l)g(wB) = (§7- )!!+2, } 
(1 + ~)e(!l+l)g(wA) = (§7-)!!+2, 
(7.39) 
which, when combined with (7.36), leads to the following equations to determine the 
(7 .40) 
1 1+PAIJ.L 
g(wB) = g(wA) + (3 + 1 ln( 1 +Pal)' (7.41) 
c2 = AI<I>(wA), (7.42) 
(7.43) 
Note that (7.40) and (7.41) are simultaneous equations to determine WA and WB once 
PA' Pa and B I A are given and that cl' c2 can be found easily from (7.42) and (7.43) 
afterwards. From (7.33), (7.34), (7.28) and (7.41) we find that 
0 < WA < w < wa < 1, for PA > PB, 
1 < wa < w < WA, for PA < Pa. (7.44) 
The substituting (7.39) into (7.38) leads to 
Trr = J.L{1- (1 + ~ )e(!l+!)[g(wA)-g(w)J}, } 
Tee= J.L{l- (1 + ~)w!le(!l+I)(g(wA)-g(w)]}. 
(7.45) 
From (7.23) and (7.29) we obtain the following expressions for the principal stretches 
(7.46) 
(7.47) 
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With the help of (7.28), (7.46) and (7.47) we find that 
d-Xr d-Xo 
dw > O, dw < O, (7.48) 
which imply that the principal stretches vary monotonically along the r-axis. 
From (7.6), (7.9) and (7.12) the ratio of the deformed inner radius a to the uncle-
formed inner radius A is given by 
(7.49) 
which is also the value of the hoop stretch Ao at 1· =a (see (7.47)). 
CASE TWO: f3 = 1/m (m > 2, integer) 
In the case when f3 = 1/m we introduce the substitution 
( = wifm, (7 .50) 
with the help of which (7.13) and (7.14) can be written as 
(m+ 1)r(m-l cl( = 2 + _!__- (1 +_!__)(m- (m+ I 
dr m 1n (7.51) 
and 
cl( 1 1 (m+ l)R- = ([2 +-- (1 +-)(m- C+ 1], 
ciR m m (7.52) 
respectively. As before we can find exact solutions for (7.51) and (7.52) in the form 
(7 .53) 
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and 
where C1 , C2 are integration constants and H( w ), G( w) are two functions, defined by 
(7.55) 
and 
(7.56) 
We have 
H(O) = 0 (7 .57) 
and the function G = G( w) satisfies 
G(O) = 0; G'(w) > 0, G(w) > 0, for w > 0. (7 .58) 
We note that (7.53) and (7.54) with (7.55) and (7.56) are parametric solutions to 
the differential equation (7.8) for the case when f3 = 1/m. Explicit expressions of H(w) 
and G(w) can be found by integrating (7.55) and (7.56) for a specific number m. As 
an example, in the case when f3 = 1/2 (m= 2) we find that 
1 2 2 (4w + 5) Jl5 H(w)=-ln(-w +w+1)-Marctan Jl5 +Marctan-, (7.59) 
2 5 15 3 
and 
2 2 2Jl5 (4w + 5) 2J15 Jl5 G(w)=ln(-w +w+l)---arctan ~ +-
3
-arctan-. (7.60) 
5 3 V 15 3 
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The range of the parameter w is given by (7.33) or (7.34) and, in view of (7.54), 
WA, WB can be found from 
( 7.61) 
where the auxiliary function ll!(w) is defined as 
By making use of (7.6), (7.12), (7.53) and (7.54), the components of the Cauchy 
stress tensor Trr, Too can be then expressed in terms of w as 
Trr = fl[1 _ (~)2+1/me-(1+1/m)G(w1 fm)], } 
Too = fl[1 - ( ~ )2+1/mwlfme-(1+1/m)G(wl/ml]. 
(7.63) 
Then the combination of (7.9) and (7.61) with (7.63) gives 
Bll!(wA) = All!(wB), (7.64) 
G(w1/m)=G(w1/m)+ 1 ln(1+PA//l) 
8 
A 1 + 1/m 1 + PB/ fl ' (7 .65) 
c2 = A/ll!(wA), (7.66) 
(7 .67) 
and the substitution of (7.66) and (7.67) into (7.63) leads to 
Trr = fl{1- (1 + ~)e(!+l/m)[G(w~m)-G(wlfm)J}, } 
Too= !l{ 1 _ (1 + ~ )wlfme(!+1/m)[G(w~m)-G(w 1 fm)J}. (7 .68) 
In view of (7.53) and (7.54) the principal stretches can now be rewritten as 
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From (7.6), (7.9) and (7.12) the ratio of the deformed inner radius a to the undeformed 
inner radius A is given by 
(7.71) 
By comparing (7.23) with (7.53), (7.29) with (7.54), (7.21) with (7.55) and (7.27) 
with (7.56), we find that the solutions in the case when (3 = 1/m are similar to those 
in the case when (3 = n and these can be obtained from the latter by replacing h( w) 
with H(w), g(w) with G(w) and w with w11m. Moreover, in the case when (3 = 1/m, 
the equations used to determine the constants WA,ws,C1 ,C2 ((7.40)- (7.43)), the 
expressions for the Cauchy stresses (7.68) and the expressions for the principal stretches 
((7.46) and (7.47)) can also be obtained from the corresponding expressions in the case 
(3 = n in the same manner as indicated above. This similarity will enable us to simplify 
our following discussions. For this reason, the discussion which follows will be mainly 
confined to the case when (3 = n, and only occasionally we will also comment upon the 
case when (3 = 1/m. 
7.3 Discussion on the expansion of a cylindrical 
cavity in an infinite medium 
In this section we assume that B -+ oo and replace the boundary conditions (7.9) with 
(7. 72) 
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Since w ---+ 1 as r ---+ oo, we have wa = 1 in this case. The equations used to determine 
the unknown constants C1, C2 and WA in solutions (7.23) and (7.29) are therefore (7.41), 
(7.42) and (7.43) with wa = 1. If (7.41) can be solved for a WA such that 
(7.73) 
then, (7.42) and (7.43) should provide positive constants cl and c2, which ensure 
parametric solutions (7.23) and (7.29) being positive. 
In order to verify the solvability of (7.41 ), we observe that the auxiliary function 
F(w), defined by 
(7.74) 
is monotonically increasing due to the fact that F'(w) > 0. It follows that (7.41) has 
a unique root WA, such that 
wA > 1, if PA < Pa, (7.75) 
where 
Pmax =: !-L[(1 + Pa/1-L)e(l+fJ)g(l) -1] (7.76) 
is an increasing function of the external pressure Pa. In view of the monotonical 
increase of functions F(w) and g(w) we also find that: (i) WA, which is the value of 
the parameter w at the wall of the cavity, tends to unity as PA tends to P8 and (ii) 
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for any prescribed positive value Pa, when PA ~ Pmax, WA ~ 0, the deformed inner 
radius a~ oo and the hoop stress Tee on the inner surface (r =a) tends to Jl. 
The differentiation of (7.45 )1 (with wa = 1) with respect to r yields 
dTrr = dw !1( 1 + ,8)( 1 + PA )g'(w)e(li+l)(g(wA)-g(w)l dr dr Jl (7.77) 
which implies that 
dTrr h > 0, for Pa < PA < Pmax, 
dTrr h < 0, for PA < Pa. (7. 78) 
Consequently, the radial stress Trr increases monotonically from - PA along the r-axis 
and tends to -Pa as r ~ oo when Pa < PA < Pmax; but decreases monotonically from 
-PA with rand tends to -Pa when r--> oo for PA < Pa. 
The derivative of the hoop stress Tee with respect tor (see (7.45)2) is 
dTee = dw !1( 1 + PA )wile(il+l)[g(wA)-g(w)l[(1 + ,B)g'(w) _ .Bfw]. 
dr dr Jl (7. 79) 
Introducing 
il 
u(w) = [(1 + ,B)wg'(w)- ,B](L w1 + ,8 + 2) (7.80) 
i=l 
and with the help of (7.27) we find that 
do- 2 2 dw > 0, u(O) = -,8 - 2(3 < 0, a-(1) = -(3 - (3 < 0. (7.81) 
In view of (7.44), (7.79) and (7.81), we can draw following conclusions: (i) when PAis 
given such that Pa < PA < Pmax, we have dTee/dr < 0. The hoop stress Tee has its 
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maximum value on the cavity wall r = a 
(7.82) 
then, Too decreases monotonically with r and tends to - Pa as r ---> oo ( w ---> 1 ); (ii) 
when PA and Pa are given such that PA < Pa, there exists a certain value w 0 such 
that at w = Wo we have 
(7 .83) 
and 
dToo 0 dr > , 1 < w < w0 , 
dToo dr < 0, w > w0 . (7.84) 
It is easy to verify that w 0 = 3 when (3 = 1, w 0 = ( J33 - 1) /2 if (3 = 2 and etc., 
so we conjecture that w0 is a decreasing function of (3. Thus, when w > w0 , which is 
equivalent tor< r(w0 ), Too increases monotonically along rand arrives at its maximum 
value at w = w0 (r = r(wo)), then decreases monotonically with r for 1 < w < w0 (i.e., 
r > r(w0 )). Note that this is true only if the value WA, determined by the prescribed 
values PA, Pa, ensures that WA > w0 . Otherwise, if PA, Pa are prescribed such that 
PA < Pa and the resultant value WA is less than w0 , Too will start from its maximum 
value at r = a, the wall of the cavity, and decreases monotonically along the r-axis. 
Now we turn our attention to the strong ellipticity of the solutions. Recall that for 
the generalized Blatz-Ko material the strong ellipticity condition will be violated when 
the ratio of the principal stretches are not in the range of (tE, 1/tE), where tE E (0, 1) is 
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a critical value determined by (3.6) (cf. (3.5) ). For convenience, this strong-ellipticit.y 
condition is cited here as 
tE < W < 1ltE. (7.85) 
Since we have either w > 1 or 0 < w < 1 in our present solutions, it follows that the 
right hand side of the inequality (7.85) holds for 0 < w < 1, whereas the left hand 
side of the inequality may be violated for certain boundary values; and vice versa when 
w>l. 
In view of the monotonic increasing (decreasing) character of w with r when WA < 
w < 1 (or 1 < w < WA, see (7.15)), it follows that the strong ellipticity is first lost 
at r(wA) = a and moreover, that it occurs when WA = tE for Pa < PA < Pmax or 
WA = 1ltE for PA < Pa, which impose following restrictions upon the pressures PA 
and Pa 
PA < Pa < Pfl = ll{ ( 1 + PA I 11 )e(l+IJ)[g(lftE)-g(i)J - 1}, 
Pa < PA < Pg = ll{(l + Palll)e(l+IJ)[g(l)-g(tE)J -1}. (7.86) 
Comparison of Pg with Pmax reveals that Pg is less than Pmax· It is of interest to 
note that Pf is a linear function of Pal 11, Pf is a linear function of PAl 11 and the 
coefficients of the linear equations are functions of the material parameter fJ only, which 
are shown to be increasing functions of fJ by numerical experiments. For any values 
of PA,Pa, given within the range of Pf < PA < Pmax or Pa > Pf, the existence of 
the smooth solutions obtained here is still ensured. However, there is now an annular 
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Figure 7.2: WA vs. PA for a cylindrical cavity in an infinite medium. 
zone A ::; R ::; RE, on which the equilibrium equation (7.7) is no longer elliptic at 
the solutions, while for R > RE, the strong ellipticity holds. The radius RE at the 
interface between the elliptic and non-elliptic regions is given by (7.29), (7.41), (7.43) 
and (7.42) with R = RE, wa = 1 and w = tE (or w = 1/tE) as 
RE = A( 1- wA )t(~)met[h(tE)-h(wA)l+m[g(wA)-g(tE)l, pA p < p (7 87) E < A max · 1- iE WA 
or 
When the external pressure Pa is given to be zero, which represents an internally 
pressurized cylindrical cavity in an infinite medium, the plot of WA vs. PA is illustrated 
in Figure 7.2, where the dots correspond to values of P~ and the graphs are interrupted 
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Figure 7.4: WA vs. PB for a cylindrical cavity in an infinite medium. 
When the internal pressure P A is assumed to be zero, we have an externally pres-
surized cylindrical cavity in an infinite medium. The plot of WA vs. P8 (with P A = 0) 
is given in Figure 7.4 where the dots indicate values corresponding to Pf. It can be 
seen from the diagram that for any prescribed value P8 , there always exists a cor-
responding value WA· But when PB is given such that PB > Pf, in which Pf is 
the pressure corresponding to that WA = tE and is an increasing function of {3, the 
strong-ellipticity condit ion will be violated. It can be seen from (7.46) to (7.48) that 
for the externally pressurized cylindrical cavity, the hoop stretch AB has its minimum 
value w~(I+.a)/(2+.8) < 1 at r = a, then increases monotonically with r and tends 
to its maximum value (1 + PB/ J.L) - I/(2+,8) < 1 as r --+ oo; the radial stretch Ar de-
creases from its maximum value w~(2+fJ) > 1 at r = a and tends to its minimum 
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Figure 7.5: Ar(a), >.o(a) vs. PB for a cylindrical cavity in an infinite medium. 
value (1 + PB / f.L)- 11(2+{3) < 1 as r --+ oo. The plot of Ar(a) , >.o(a) vs. PB (Figure 7.5, 
in which the dots st and for values corresponding to Pfl) also reveals that when j3 is 
given by j3 = 1/ 2, 1, 2, 3, 4, the values of the principal stretch Ar (a), beyond which the 
strong-ellipticity condition will be violated, are within the range of [1.2, 2.2] and that 
the values of the principal stretch >.0 (a), beyond which the strong-ellipticity condition 
no longer holds, are wit hin t he range of [.32, .45]. 
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7.4 Discussions on the expansion of an internally 
pressurized cylindrical shell 
Now we examine our solutions (7.23) and (7.29) for another specific situation of the 
cylindrical expansion, that is, the radial expansion of an internally pressurized hollow 
cylinder. Here the inner and outer radii A, Bare given as positive constants (see (7.1)) 
and the outer surface of the considered hollow cylinder is assumed to be free of traction 
(Ps = 0) whereas the inner surface is subjected to a prescribed pressure PA > 0 (see 
(7.9)). Therefore, once B/A and PA are given, the unknown constants wA, ws, C1 , 
and C2 in (7.23) and (7.29) can be determined from (7.40)-(7.43) with P8 = 0. Note 
that we can solve the simultaneous equations (7.40) and (7.41) only numerically and 
according to (7.44) we have 
0 < WA < W < WB < 1. (7.89) 
We plot the numerical results of WA, ws vs. PA in Figure 7.6 and Figure 7.7, in 
which B /A is given as B /A = 2 and B /A = 10 respectively. It can be seen from 
Figure 7.6 and Figure 7.7 that there exists a maximum value of the internal pressure 
PA, namely Pmax, which is an increasing function of (3 (for a fixed A/B) and of B/A 
when (3 is fixed. If the pressure PA is given such that PA > Pmax there are no solutions 
to these radial expansion problems. Otherwise if PA is prescribed as PA < Pmax we 
would have two solutions to these boundary-value problems. We use dotted and solid 
lines to represent the two solutions shown in Figure 7.6 and Figure 7. 7 respectively. 
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Figure 7.6: WA, WB vs. PA for a cylindrical shell with B /A= 2. 
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Figure 7.8: a/ A vs. PA for a cylindrical shell with B /A= 5.1. 
For each of the two solutions, WA < WB holds, which can also be verified by (7.41). 
WA and WB decrease with PA for the solid lines' solutions but increase with PA for 
the dotted lines' ones. In order to distinguish the two possibilities we give the plot of 
a/A vs. PA in Figure 7.8 and the plot of Too(a) vs. PA in Figure 7.9. For physically 
realistic solutions, we expect both the inner radius a and the magnitude of T00(a) to 
increase with pressure PA. Examination of Figure 7.8 and Figure 7.9 indicates that 
the features of a, Too( a) shown by the solid lines' solutions are coincident with this 
expectation. In contrast, for the dotted lines' solutions, a increases as PA decreases 
and tends to infinity when PA tends to zero (see Figure 7.8); Too(a) decreases with 
PA and tends to J.L when PA tends to zero (Figure 7.9). Such characteristics of a and 
T00 (a) are physically unrealistic. Therefore, on these physical grounds, we can reject 
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Figure 7.9: Too(a) vs. PA for a cylindrical shell with B/A = 1.5. 
the dotted lines' solutions and we will consider the solid lines' solutions only in the 
following discussion. 
Recalling that in plane strain the strong ellipticity condition holds for the material 
if and only if (7.85) holds and since we have w < 1 at the present problem (see (7.89)), 
the right hand side of the inequality (7.85) is satisfied for any given boundary values, 
but the left hand side of (7.85) may be violated for certain boundary values. By virtue 
of the monotonic increase of w with r (see (7.15)), it follows that the strong-ellipticity 
is first lost at r = a and occurs when WA = tE and that the corresponding value PA , 
say PE , can then be found by (7.41). These values of PE are represented by dots in 
Figures 7.6 to 7.8 and Figure 7.10. We plot a/ A vs. PA when B /A is given within the 
range of (1.05, 100] and (3 = 1 in Figure 7.10 (the results for (3 = 1/2, 2,3,4 are similar 
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to those shown in Figure 7.10). As an example, it can be seen from Figure 7.10 that for 
B/A = 1.05 and for PA < Pmax, the strong ellipticity holds for all rE [a, b] since the 
values of WA represented by the solid lines are greater than tE. For B /A = 10, however, 
the strong ellipticity is lost for PE < PA < P max· It then follows that there is a certain 
value of B/A, say (B/A)E, so that if B/A < (B/A)E the strong ellipticity holds for all 
values of PA < Pmax, whereas if B/A > (B/A)E then the strong ellipticity is violated 
for PE < PA < Pmax· In the case when f3 = 1 the value of (B/A)E is approximately 
5.96 (in the case when f3 = 2, (B/A)E ~ 5.1, a value determined previously by Chung 
et al. [16]). 
With the help of (7.41) and the fact that PB = 0, the principal stretch ,\, (7.46) 
can be rewritten as 
(7.90) 
which, in view of (7.28) and the fact that 0 < w < 1, indicates that ,\, < 1. Thus, from 
(7.48) and (7.90) we find that the minimum value of,\, and the maximum value of Ae 
occur at r = a. Numerical examination of .Xe(a) =a/A reveals that the values of the 
principal stretch Ae, beyond which the strong ellipticity no longer holds, are within the 
range of [1.9, 3.2] when f3 is given by f3 = 1/2, 1, 2, 3, 4 and B /A is within the interval 
[1.05, 100] (cf. Figure 7.8 and Figure 7.10). 
Because of 
dT,, = dw !1(1 + {3)(1 + PA )g'(w)e(!Hl)[g(wA)-g(w)] > O 
dr dr 11 
(7.91) 
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and 
dToo = dw tt( 1 + PA )wile(l1+i)[g(wA)-g(w)l[( 1 + (3)g'(w) _ (3/w] < 0 dr dr ll (7.92) 
(see (7.45), (7.80) and (7.81) for details), we infer that the radial stress Trr is a negative 
increasing function of r (which belongs to the interval ( -PA, 0)); the hoop stress Too 
decreases monotonically from the inner surface to the outer surface of the cylinder and 
the maximum value of Too occurs on the inner surface. These features of Trr and T00 
can be seen from Figure 7.11 also. It is of interest to note from Figure 7.11 that the 
distributions of Cauchy stresses are similar for all values of (3 > 0 and moreover that 
the greater magnitudes of the Cauchy stresses correspond to the larger values of (3. 
Thus, as before, we can conclude that the metarial becomes harder as (3 increases. 
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Chapter 8 
Radial spherical expansions 
In this chapter we consider radial spherical expansions. The formulation of the problem 
is presented in Section 8.1 and solutions are given in Section 8.2. The discussion follows 
in Section 8.3 and Section 8.4. 
8.1 Formulation of the problem 
We consider the radial expansion of a spherical shell which occupies the domain 
A :::; R :::; B, 0 < 0 :::; 21r, 0 < <I> :::; 1r, (8.1) 
in the reference configuration. Here, (R, 0, <I>) are spherical polar coordinates and A, B 
are the inner and outer radii of the considered spherical shell. The spherical shell is 
subjected to an internal pressure PA on its inner surface and an external pressure PB 
on its outer surface. We assume that the body preserves its spherical shape after 
162 
expansion and that in the deformed configuration the body occupies the region 
a :::; r :::; b, 0 < () :::; 27l", 0 < c/J :::; 7l", (8.2) 
where (r, B, cfJ) are spherical polar coordinates and a, bare the deformed inner and outer 
radii of the considered spherical shell. We consequently seek the deformation of the 
shell in the form 
r = r(R) > 0, () = 0, cP = <1>, (8.3) 
where the positive function r(R) that is to be determined is assumed to be twice 
continuously differentiable on A :::; R :::; B. 
The polar components of the deformation gradient tensor F associated with (8.3) 
are given by 
Frr = 1'(R), Foo = Fq,q, = r(R)/ R, Fro= For = Frq, = Fq,r = Foq, = Fq,o = 0 (8.4) 
where the dot denotes differentiation with respect to the argument. The principal 
stretches associated with this radial deformation (8.3) are 
Ar = r(R), .\o = .\"' = r(R)/ R. (8.5) 
The function r(R) must necessarily satisfy 
r(R) > 0, r(R) > 0, for A:::; R:::; B. (8.6) 
We assume that the spherical shell is composed of the generalized Blatz-Ko material, 
whose strain energy function is given by (3.1). Thus, by using (3.1), (2.29), (8.4) and 
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(805) we obtain the expressions for the Cauchy stress T as 
(807) 
In view of (80 7) the equilibrium equation reduces to 
dTrr 2( 
- + - Trr - Too) = 0 
dr r 
(808) 
which can be expressed as the following second-order ordinary differential equation for 
r(R): 
(809) 
We prescribe the tractions on surfaces of the considered spherical shell by 
Trr = -PA, at r =a, and Trr = -PB, at r = b, (8010) 
in which we assume that 
(8011) 
8.2 Solution of the problem 
The variable substitution of 
>.r >.r R 0 
w = - = - = - 0 r > Oo 
>.o >.q, r ' (8012) 
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proposed by Abeyaratne & Horgan [15, 23] and used in Chapter 6 and Chapter 7 of this 
thesis, into (8.9) yields the following pair of first-order parametric equations (which are 
equivalent to (8.9)): 
dw ~ (,8 + 1 )r dr" = ,B + 3 - (,8 + l )w - 2w + 1 
and 
dw ~ (,8 + l)R dR = w[,B + 3- (,8 + 1)w- 2w +1]. 
Note that 
dr > 0 er: ' 
Q.c. < 0 dw ' 
dn > 0 for 0 < w < l } ~ ' ' 
~~ < 0, for w > 1. 
(8.13) 
(8.14) 
(8.15) 
By considerations similar to those in Section 7.1, we assume that w =f. 1. We first 
treat the case when the material parameter ,B is given as an integer (,8 = n, n 2: 1 ). 
We rewrite (8.13) in the form 
dw 
,B + 3 - (,8 + 1 )w - 2w~+ I (,8 + 1 )r·' (8.16) 
where ,B = n, and from the observation that ( 1 - w) is a factor of the denominator in 
the left hand side of (8.16), we find that 
~ 
,B + 3- (,8 + 1)w- 2w~+l = (1 -w)(L 2w; + ,B + 3). (8.17) 
i=l 
We seek partial fractions for the coefficient of dw in (8.16) of the form 
a "\"'~ a w~-i 
__ o_ + L....z-1 ' 
l - w L:?= 1 2wi + ,B + 3 ' (8.18) 
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which, from (8.16), (8.17) and (8.18) leads to 
ao = 1/[3(,8+ 1)], a;= 2i/[3(,8+ 1)], i = 1,2,··· ,,B. (8.19) 
Thus, (8.16) reduces to 
(8.20) 
Upon integrating (8.20) we find that 
(8.21) 
where "I I" means the absolute value, C1 is an integration constant and the function 
h( w) is defined by 
. 1w 2:.[3-1 (,8 - i)ui h w) = .-o du. 
( o L-7=1 ui + (,8 + 3)/2 
(8.22) 
Note that h( w) satisfies 
h(O) = 0; h'(w) > 0, h(w) > 0, for w > 0. (8.23) 
Along similar lines we can find the solution R(w) for (8.14). Thus, by making use 
of (8.17)- (8.19) we rewrite (8.14) as 
{ 1 + L-7~ol (,8- i)wi }dw = 3dR 
w(1 - w) w['L-7=! wi + (,8 + 3)/2] R ' (8.24) 
and, on assuming a partial fraction decomposition of the coefficient of dw in the left 
hand side of (8.24) of the form 
_1 _ + ~ + b0 + "L-7-I b;wf3-i 
1- w w w L-7= 1 wi + (,8 + 3)/2' 
(8.25) 
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we find that 
bo = 2(3/((3 + 3); b; = i- 1- b0 , i = 1, 2, · · ·, (3. 
Thus, with the help of (8.26), the integration of (8.25) leads to 
where c2 is an integration constant and the function g( w) is defined by 
lw "',6-1 i u· o u • w = ,- du g( ) - o I:f=I ui + ((3 + 3)/2 · 
Function g(w) has the same features as h(w), i.e., 
g(O) = 0; g'(w) > 0, g(w) > 0, for w > 0. 
Explicit expressions of h( w) and g( w) in the case when (3 = 1 are 
h(w) = g(w) =In (w/2 + 1). 
In the case when {3 = 2 h(w) and g(w) are given by 
(8.26) 
(8.28) 
(8.29) 
(8.30) 
• 1 2 (2w + 1) 1 1 h(w)= 2In(2w +2w+5)+arctan 3 - 2In5-arctan 3, (8.31) 
and 
which are the same as those obtained previously by Carroll & Horgan [54]. Explicit 
expressions of h( w) and g( w) in the case when (3 = 3, 4 are given in Table 8.3 and 
Table 8.4 with approximate constants for simplicity. 
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(3 h(w) 
3 1.1355 arctan (. 7407w - .2129) + .2797ln ( w2 - .574 7w + 1.9052) 
+.4405ln (w + 1.5747)- .1422 
4 .2713 arctan (1.0603w + 1.18735) + 1.1612 arctan (.8949w- .5547) 
+.3372ln (w2 + 2.2396w + 2.1434) + .1628ln (w2 - 1.2396w + 1.6329) + .01489 
Table 8.1: Expressions of h(w) when (3 = 3,4. 
(3 g(w) 
3 .2839 arctan (. 7407w - .2129) + .3199ln ( w2 - .574 7w + 1.9052) 
+.3601ln (w + 1.5747)- .3102 
4 .05426 arctan ( l.0603w + 1.1873) + .2322 arc tan ( .8949w - .554 7) 
+.2674ln ( w2 + 2.2396w + 2.1434) + .2326ln ( w2 - 1.2396w + 1.6329) - .2476 
Table 8.2: Expressions of g( w) when (3 = 3, 4. 
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We note that (8.21) with (8.22) and (8.27) with (8.28) provide parametric solutions 
to the differentiation equation (8.9) in the case when f3 = n (integer), in which two 
constants cl' c2 are to be determined by boundary conditions and the parameter w is 
within the range of [wA, wa]. Here [wA, wa] are the values of won the surfaces of the 
considered spherical shell, that is, 
R(wA) =A, R(wa) = B (8.33) 
which, in view of (8.27), are equivalent to 
(8.34) 
Here, the auxiliary function <i>( w) is defined by 
(8.35) 
From (8.15) and the fact of w # 1, we find that 
0 < WA < W < WB < 1 (8.36) 
or 
1 < WB < W < WA. (8.37) 
The components of the Cauchy stress Trr, Too = Tq,<J> can be expressed in terms of 
w by using (8.7), (8.12), (8.21) and (8.27) as 
Trr = p.[l- w-fl-I(~)fl+3] = p,[l _ (~)fl+3e-(fl+l)g(w)], } 
Too= Jt[l _ w-l(~)fl+3] = Jt[l _ (~)fl+3wfle-(fl+J)9(w)]. 
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(8.38) 
which, with the help of (8.10), yield 
(1 + ~)eUJ+l)g(wa) = (~){3+3, } 
(1 + ~ )e(f1+1)9(wA) = ( ~ )f1+3. 
(8.39) 
By combining (8.34) with (8.39) we obtain the following equations for the determination 
B~(wA) = A~(wB), (8.40) 
' ' 1 1 + PA/ 1-L 
g(wB) = g(wA) + (3 + 1 ln( 1 + PB/1-L), (8.41) 
c2 = A/~(wA), (8.42) 
(8.43) 
Note that (8.40) and (8.41) are simultaneous equations to determine WA and WB once 
PA' PB and B I A are given and that cl' c2 can be then found from (8.42) and (8.43) 
easily afterwards. The inspection of (8.36), (8.37), (8.29) and (8.41) reveals that 
(8.44) 
On substituting (8.39) into (8.38) the components of the Cauchy stress can now be 
rewritten as 
Trr = !-L{1- (1 + ~)e(f1+!)[9(wA)-g(w)J}, } 
Too= !-L{1- (1 + ~)wf1e(f3+I)[g(wA)-9(w)J}. (8.45) 
From (8.21) and (8.27) we find the following expressions for the principal stretches .\;: 
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With the help of (8.28), (8.46) and (8.4 7) it is readily to verify that 
dAr dAo 
dtu > o, dtu < o, (8.48) 
which indicate that the principal stretches vary monotonically along the r-axis. From 
(8.7), (8.10) and (8.12) the ratio of the deformed inner radius a to the undeformed 
inner radius A is given by 
(8.49) 
which is also the value of the hoop stretch Ao at r =a (see (8.47)). 
Along similar lines, we can find exact solutions for (8.13) and (8.14) in the case 
when the material parameter (3 is given as a fraction. For example, when (3 = 1/2 we 
find that 
and 
where c1, c2 are integration constants and functions H(tu), G(tu) are defined by 
and 
• 1 4 2 ..fi J7(8tu + 7) ..fi J7 H(tu) = 21n ("7tu + UJ + 1)- 7 arctan 21 + 7 arctan 3 
. 4 2 2v'7 J7(8tu + 7) 2v'7 J7 
G(tu) =In ("7tu +tu+ 1)- - 3- arctan 21 + - 3- arctan 3 
respectively. 
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(8.50) 
(8.51) 
(8.52) 
(8.53) 
By comparing this section with Section 7.2 we note that the equations obtained 
here for the spherical expansion are similar to those obtained in Section 7.2 for the 
cylindrical expansion. 
8.3 Discussions on radial expansion of a spherical 
cavity in an infinite medium 
In this section we assume that B ----> oo and replace the boundary conditions (8.10) 
with 
Tr-r = - PA, at 1· = a, and Trr ----> - Pa, as r ----> oo. (8.54) 
Since w ----> 1 as r ----> oo, we have wa = 1 in this case. Hence, equations used 
to determine the unknown constants Cl, C2 and W.4 in (8.21) and (8.27) are therefore 
(8.41), (8.42) and (8.43) but with wa = 1. If (8.41) can be solved for a w.4 such that 
0 < w.4 < 1, for PA > Pa, 
WA > l, for PA < Pa, (8.55) 
then, (8.42) and (8.43) should provide positive constants cl' c2, which ensure that the 
parametric solutions (8.21) and (8.27) are positive. 
In order to verify the solvability of (8.41), we observe that the auxiliary function 
fi'(w), defined by 
(8.56) 
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is monotonically increasing due to the fact that F'( w) > 0. It follows that (8.41) can 
be solved for a unique root WA, such that 
0 < WA < 1, if Ps < PA < Fmax = J.t[(1 + Ps/J.t)e(l+f3)9(!) -1], 
wA > 1, if PA < Ps (8.57) 
where P max is an increasing function of the external pressure Ps. In view of the 
monotonic character of function F(w) and g(w) we also find that: (i) wA, which is the 
value of the parameter w at the wall of the cavity and is given by (8.41), tends to unity 
as PA tends toPs and (ii) for any prescribed positive value Ps, when PA-+ Fmax, we 
have that WA -+ 0, the deformed inner radius a -+ oo and the hoop stress Too on the 
inner surface ( r = a) tends to J.l· 
The differentiation of (8.45)1 (with ws = 1) with respect to r yields 
dTrr = dw J.t( 1 + ,8)(1 + PA )g'(w)e(f3+1){9(wA)-g(w)] 
dr dr J.t (8.58) 
which indicates that 
dTrr • dr > 0, for Ps < PA < Pmax, 
dTrr dr < 0, for PA < Ps. (8.59) 
Consequently, the radial stress Trr increases monotonically from - P A along the r-axis 
and tends to -Ps as r -+ oo when Ps < PA < Pmax; but it decreases monotonically 
from -PA along the r-axis and tends to -Ps when r-+ oo for PA < Ps. 
The derivative of the hoop stress Too with respect tor (see (8.45)2) is 
dToo = dw J.t( 1 + PA)wf3e(f3+1)[9(wA)-9(w)][( 1 + ,B)g'(w) _ ,Bjw]. 
dr dr J.t (8.60) 
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Introducing 
{3 
a-(w) = [(1 + f3)w9'(w)- f3HL wi + (!3 + 3)/2] (8.61) 
i=l 
and with the help of (8.28) we find that 
1~ > o, a-(o) = -(3 + !3)/3/2 < o, &(1) = -(1 + f3)f3/2 < o. (8.62) 
In view of (8.44), (8.60) and (8.62), we find that when PA is given such that P8 < 
PA < Fmax, we have dToo/dr < 0. Thus the hoop stress Teo attains its maximum value 
on the cavity wall r =a, and this is given by 
(8.63) 
Too then decreases monotonically with r and tends to - PB as r --+ oo ( w --+ 1). The 
equations (8.44), (8.60) and (8.62) also show that when PA, PB are given such that 
PA < PB, there exists a certain value w0 > 1 such that at w = w0 we have 
(8.64) 
and 
dToe ~( w - wo) < 0, w > 1. (8.65) 
It is easy to verify that w0 = 2 when f3 = 1, w0 = ( v'2f- 1)/2 if f3 = 2 and etc., 
so we conjecture that w0 is a decreasing function of {3. Thus, when w > w0 , which is 
equivalent to r < r( w0 ), Teo increases monotonically along r and attains its maximum 
value at w = w0 (r = r(wo)), it then decreases monotonically with r for 1 < w < w0 
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(i.e., r > r(w0 )). Note that this is true only if the value WA, determined by the 
prescribed values PA, Pa, is such that WA > w0 . Otherwise, if PA, Pa are prescribed 
such that PA < Pa and the resultant value WA of w is less than w0 , Too will start from 
its maximum value at r = a, the wall of the cavity, and decrease monotonically along 
the r-axis. 
Now we turn to analyzing the strong ellipticity for the solution with the boundary 
condition of traction. In view of (8.12) the strong ellipticity condition (3.5) reduces to 
ts < w < 1/ts (8.66) 
where is E (0, 1) is a critical value determined by (3.6). Since we have either w > 1 
.or 0 < w < 1 in our present solutions, it follows that when the pressures PA, Pa are 
prescribed such that PA > Pa (i.e. 0 < w < 1), the right hand side of the inequality 
(8.66) holds always, whereas the left hand side of the inequality may be violated for 
certain boundary values. When PA, Pa are given such that PA < P8 (i.e. w > 1), the 
opposite of the above situation holds true. 
In view of the monotonic increasing (decreasing) character of w with r when WA < 
w < 1 (or 1 < w < wA; see (8.15)), it follows that the strong ellipticity is first lost 
at r(wA) = a and moreover, that it occurs when WA = is for Pa < PA < Pmax or 
WA = 1/ts for PA < Pa, which impose the following restrictions upon the pressures 
PA and Pa 
PA < Pa < Pf = J.L{(l + PA/J.L)e(l+!l)[.9(I/tE)-.<i(I)]_ 1}, 
Pa < PA < Pt = J.L{(1 + Pa/J.L)e(l+!l)(9(l)-9(tE)]_ 1}. 
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(8.67) 
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Figure 8.1: WA vs. PA for a spherical cavity in an infinite medium. 
Comparison of Pg with Pmax reveals that Pg is less than Pmax· It is also of interest 
to note that Pg is a linear function of PB/ J.L, Pi is a linear function of PA/ J.l and 
the coefficients of the linear equations are functions of the material parameter (3 only, 
which are shown to be increasing functions of (3 by numerical experiments. 
When the external pressure PB is given to be zero, which represents an internally 
pressurized spherical cavity in an infinite medium, the plot of WA vs. PA is illustrated 
in Figure 8.1, where dots correspond to values of Pi and the graphs are interrupted 
at Pmax · As before, we can see that WA decreases with PA and tends to zero when PA 
tends to Pmax and moreover that, both Pg and Pmax increase with the parameter (3. 
The principal stretches at r = a, regarded as a function of PA, are plotted in Figure 
8.2. Here the dots indicate the values of Pi. Recalling from (8.46) to (8.48) that Ae 
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Figure 8.2: Ar(a) , Ao(a) vs. PA for a spherical cavity in an infinite medium. 
attains its maximum value at r = a and Ar attains its minimum value at r = a, we 
find from Figure 8.2 that Ao(a) increases with PA (for fixed (3) and with (3 (for fixed 
PA); whereas Ar(a) decreases with PA and (3. We note that the values of the principal 
stretch Ao(a), beyond which the strong-ellipticity condition will be violated , are within 
the range (1.58, 1.98] when (3 is given by (3 = 1, 2, 3, 4, which are less than those obtained 
previously from the radial expansion of an internally pressurized cylindrical cavity (see 
Figure 7.3). 
When the internal pressure PA is assumed to be zero, we have an externally pres-
surized spherical cavity in an infinite medium. The plot of WA vs. PB (with PA = 0) is 
given in Figure 8.3, where the dots represent the values Pf . It can be seen from the 
diagram that for any prescribed value PB, there always exists a corresponding value 
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Figure 8.3: WA vs. PB for a spherical cavity in an infinite medium. 
WA. But when PB is given such that PB > Pi , where Pi is the pressure corresponding 
to that WA = tE, the strong-ellipticity condition will be violated. In view of (8.46)-
(8.48) we conclude that for an externally pressurized spherical cavity, the hoop stretch 
Ao has its minimum value w A(I+J1)/(3+!1) < 1 at r = a and then increases monotonically 
with rand tends to its maximum value (1 + P8 /J.Ltll(3+i1) < 1 as r ---too; the radial 
stretch >-r decreases from its maximum value wij(3+!1) > 1, at r = a, and tends to its 
minimum value (1+PB/J.Ltll(3+i1) < 1 as r ---too. From the plot of >-r(a) , >.o(a) vs. PB, 
see Figure 8.4, where dots stand for the values of Pi, we find that the values of Ar (a), 
beyond which the strong-ellipticity condition no longer holds, are within the range of 
[1.32, 2.30] when {3 is given by {3 = 1, 2, 3, 4 and the values of >-o, beyond which the 
strong ellipticity no longer holds , are within the range of [0.44, .50] for {3 = 1, 2, 3, 4. 
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8.4 Discussions on the expansion of an internally 
pressurized spherical shell 
In this section, we examine our solutions (8 .21) and (8.27) for the radial expansion of 
an internally pressurized spherical shell. Here the inner and outer radii A, B are given 
as positive constants (see (8.1)) and the outer surface of the considered shell is assumed 
to be free of traction (PB = 0) whereas the inner surface is subjected to a prescribed 
pressure PA > 0 (see (8 .10)). Therefore, once BfA and PA are given, the unknown 
constants WA, WB, Cl and C2 in (8.21) and (8.27) can be determined from (8.40)-(8.43) 
with PB = 0. Note that we can solve the simultaneous equations (8.40) and (8.41) only 
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numerically and according to (8.44) we have 
0 < WA < W < WB < 1. (8.68) 
We plot the numerical results of wA, wa vs. PA in Figure 8.5 and Figure 8.6, where 
B /A is given as B /A = 2 and B /A = 10 respectively. It can be seen from Figure 8.5 
and Figure 8.6 that there exists a maximum value of the internal pressure PA, namely 
P max, which is an increasing function of {3 and B /A. If the pressure PA is given such 
that PA > P max there are no solutions to this spherical expansion problem. Otherwise 
if PAis prescribed as PA < Pmax we have two solutions to this boundary-value problem. 
We use dotted lines and solid lines to represent the two solutions shown in Figure 8.5 
and Figure 8.6. For each of the two solutions, WA < wa holds, which can also be verified 
by (8.41). WA and wa decrease with PA for the solid lines' solutions but increase with 
PA for the dotted lines' ones. In order to distinguish between the two possibilities we 
plot a/A vs. PA in Figure 8.7 and Too(a) vs. PA in Figure 8.8. For physically realistic 
solutions, we expect that the inner radius a and Too(a) will be increasing functions 
of the pressure PA. Examination of Figure 8. 7 and Figure 8.8 reveals that the solid 
lines' solutions behave according to this expectation. In contrast, for the dotted lines' 
solutions, a/ A increases as PA decreases and tends to infinity when PA tends to zero 
(see Figure 8.7). Also for these solutions, Too(a) decreases with PA and tends to J.L 
when PA tends to zero (Figure 8.8). Such kind of behaviour appears to be physically 
unrealistic and therefore, on these physical grounds, we can reject the dotted lines' 
solutions. The discussion which follows will be confined accordingly to the solid lines' 
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solutions. 
Since we have w < 1 for the present problem (see (8.68)), the right hand side 
inequality in (8.66) is satisfied for any given boundary values, but the left hand side 
inequality in (8.66) may be violated for certain boundary values. We recall that (8.66) 
is the strong-ellipticity condition for the material. By virtue of the monotonic increase 
of w with r (see (8.15)), it follows that the strong-ellipticity is first lost at r = a and 
occurs when WA = tE and that the corresponding values of PA, say PE, can then be 
found by (8.41), which are represented by dots in Figure 8.5 to Figure 8.7. In Figure 8.9 
we plot WA and a/A vs. PA when B/A is prescribed within the range of [1.1, 100] and 
when (3 is fixed as (3 = 3 (The results for different values of (3 are similar). Here the dots 
correspond to the values of PE. When B /A is given as B /A = 2, for example, the value 
WA is greater than tE and, therefore, for any prescribed value PA < Pmax the strong-
ellipticity condition holds. On the other hand, when B /A is given as B /A = 10, the 
value WA is greater than tE only if PA is given as PA <PE ( < Pmax)· Thus, according 
to the numerical examination we conclude that when the thickness of a spherical shell is 
less than a certain value, namely (B / A)E, the strong-ellipticity condition holds for any 
prescribed value PA < Pmax· However, when the thickness of the considered spherical 
shell exceeds this value, i.e., B/A > (B/A)E, the strong-ellipticity condition holds only 
if the internal pressure PAis prescribed such as PA <PE< Pmax· The value of (B/A)E 
is approximately 3.54 when (3 = 3 and 3.25 when (3 = 2. The latter was previously 
obtained by Chung [16]. Comparing the values of (B / A)E in this spherical expansion 
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with those in the case of cylindrical expansion (see Section 7.4) we find that the values 
of (B/A)E in this spherical expansion are smaller. 
With the help of (8.41) and the fact that Ps = 0, the principal stretch >.r given by 
(8.46) can be rewritten as 
(8.69) 
which, in view of (8.29) and the fact that 0 < w < 1, induces the conclusion that >.r < 1. 
Thus, from (8.48) we find that the minimum value of >.r and the maximum value of >. 0 
occur at r = a. Numerical examinations on >.r(a), which is obtained by substituting 
win (8.46) with WA, and of >.o(a), which equals to a/A, reveal that the values of the 
principal stretch >.o( a) = a/ A, beyond which the strong-ellipticity condition no longer 
holds are within the range [1.6, 2.0], which is smaller than those obtained from the 
radial expansion of an internally pressurized cylindrical shell. 
Because of 
dTrr = dw !1( 1 + ;9)(1 + PA )g'(w)e(,q+l)[g(wA)-g(w)) > O 
dr dr 11 (8. 70) 
and 
(8. 71) 
(see (8.45), (8.61) and (8.62) for details), we infer that the radial stress Trr is a negative, 
steadily increasing function of r, within the range of ( -PA, 0); the hoop stress Too 
decreases monotonically from the inner surface to the outer surface and the maximum 
value of Too occurs on the inner surface. These features of Trr and Too can be seen 
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Figure 8.10: Trr vs. r for a spherical shell. 
from Figure 8.10 and Figure 8.11 also. It is of interest to note from Figure 8.10 and 
Figure 8.11 that the Cauchy stresses change faster as (3 increases and otherwise, the 
distributions of the Cauchy stresses are similar to each other for different values of 
(3. From the previous work on the other non-homogeneous deformations considered in 
this thesis, we have drawn the conclusion that the material hardens as the material 
parameter (3 increases. It can be seen that this conclusion is valid for the present 
deformation also since for a fixed value PA , the greater magnitudes of Trr and Too are 
corresponding to the larger values of (3 (see Figure 8.10 and Figure 8.11). 
It is interesting to analyze the response of very thin spherical shells (balloons). By 
making use of Willson & Myers' results [37] which are valid for all isotropic compressible 
materials, we find that for the generalized Blatz-Ko material the asymptotic relation 
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188 
between applied pressure and deformed radius of thin-wall spherical shells reduces to 
in which E = (B- A)/A and a is given by 
a = (A )(/1+3)/{13+1). 
a 
(8. 72) 
(8. 73) 
The plot of pressure-radius relations when f3 = 1/2, 1, 2, 3, 4 is given in Figure 8.12. 
Note that each curve in the plot (which is very similar to the plot in Figure 8.9 obtained 
without this simplifying assumption) has only one turning point, and it does not admit 
a pressure at which the balloon bursts (as observed by Chung et al. , M urphy [28], and 
Beatty [14] for the Blatz-Ko material). Clearly a larger pressure is needed to produce 
the same deformation as f3 increases. 
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Chapter 9 
Conclusions 
In this dissertation we have investigated the mechanical features of the materials (1.13) 
with {3 #- 2 and comparison has been made with the mechanical features of the Blatz-
Ko material. This has been achieved by considering the response of these materials 
when subjected to both homogeneous and non-homogeneous deformations. We have 
first compared the material characteristics of the generalized Blatz-Ko material with 
those of the Blatz-Ko material by considering homogeneous deformations. Specifically, 
we discussed the isotropic extension, the isotropic plane stress, the uni-axial tension, 
the isotropic plane strain, the plane-strain uni-axial tension, and the simple shear 
deformation. From the analysis of these homogeneous deformations we have obtained 
the following conclusions: 
(i) For all values of {3 > 0, the distributions of Cauchy and Piola stresses are qualita-
tively similar in the isotropic extension, the uni-axial tension, the isotropic plane strain, 
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and the plane-strain uni-axial tension and they indicate that the material hardens as 
(3 increases. 
(ii) For all values of (3 > 1, the distributions of Piola stresses in isotropic plane stress 
are qualitatively similar and they indicate that the material hardens as (3 increases. For 
(3 ~ 1, however, the distributions of Piola stresses corresponding to this deformation 
are qualitatively different from the distributions in the case when (3 > 1, although they 
still indicate that the material hardens as (3 increases. 
(iii) For all values of (3 2: 2, the distributions of Cauchy stresses in the simple shear 
deformation are qualitatively similar and they indicate that the material hardens as (3 
increases. For (3 < 2, however, the distributions of Piola stresses corresponding to this 
deformation are qualitatively different from the distributions in the case when (3 2: 2. 
In particular for (3 < 2, we can no longer conclude that the material hardens as (3 
m creases. 
Further we have carried out the comparison by considering non-homogeneous de-
formations. We have used the semi-inverse method and, by generalizing the work of 
Carroll & Horgan [17], Abeyarante & Horgan [15], and Chung, Horgan & Abeyaratne 
[16], we have obtained closed-form solutions to the equilibrium equations for the non-
homogeneous deformations describing the straightening of a sector of a circular tube, 
the bending of a rectangular block into a sector of a circular tube, the eversion of 
cylindrical and spherical shells, and the cylindrical and spherical expansions. Addi-
tionally, using both analytical and numerical methods we have investigated a number 
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of associated boundary value problems and, by means of a qualitative analysis, we 
have concluded that in respect of these deformations the materials in this class become 
harder as the material parameter (3 increases, but that otherwise they all behave in a 
similar manner. 
Also, in this dissertation we have paid special attention to considerations on stabil-
ity, non-existence and non-uniqueness of solutions. In order to describe the situations 
in which the solutions become unstable, we have reformulated the conditions for the 
strong ellipticity of the equilibrium equations for non-linearly elastic materials so as to 
be expressible in terms of the derivatives of the strain-energy function regarded as a 
function of the principal stretches. By using these conditions we have obtained neces-
sary and sufficient conditions, in terms of restrictions upon the principal stretches, for 
the strong ellipticity of the generalized Blatz-Ko material (thereby generalizing the re-
sults obtained by Knowles & Sternberg [13] for the Blatz-Ko material) and found that 
for the six considered non-homogeneous deformations, the solutions become unstable 
when the loadings become larger than certain critical values. Conditions, in terms of 
boundary data, in which solutions of the pre-assigned form do not exist, have been also 
described and instances of non-uniqueness of solution have been dealt with by selecting 
on physical grounds the solution which appears to be the most plausible. 
On the basis of the qualitative analysis involving both homogeneous and non-
homogeneous deformations we conclude that all of the materials (1.13) for which (3 2: 2 
behave in the same manner and, consequently, that the materials (1.13) for which (3 > 2 
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also represent foam rubbers of the type described by the Blatz-Ko material (/3 = 2), 
the Blatz-Ko material being the softest material in the subclass defined by f3 2: 2. 
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List of symbols 
(J- The material constant for the generalized Blatz-Ko material. 
A; - Principal stretches. 
Jl - The material constant for the generalized Blatz-Ko material. 
<;So - Reference configuration. 
'} - Deformed configuration. 
T; - Principal stresses. 
a - Inner radius of a cylindrical or spherical shell in the deformed configuration. 
A - Inner radius of a cylindrical or spherical shell in the reference configuration. 
A - Elasticity tensor. 
b - Body force. 
b- Outer radius of a cylindrical or spherical shell in the deformed configuration. 
· B - Outer radius of cylindrical or spherical shell in the reference configuration. 
B - Left Cauchy-Green strain tensor. 
C - Right Cauchy-Green strain tensor. 
C1, C2 - Integration constants. 
d;i - Ratio of A; to Aj. 
ei - An orthonormal vector basis in an Euclidean space. 
F - Deformation gradient. 
/; - Principal invariants. 
J - Jacobian determinant. 
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M- Moment. 
0 - An origin point in an Euclidean space. 
PA, Pa -Inner and external pressures. 
(r, 0, z) - The cylindrical polar coordinates in the deformed configuration. 
(r, 0, if>) -The spherical polar coordinates in the deformed configuration. 
r 1 , r 2 - Inner and outer radii of a sector of a circular tube in the deformed 
configuration. 
(R, e, Z) -The cylindrical polar coordinates in the reference configuration. 
( R, e, ~) - The spherical polar coordinates in the reference configuration. 
R1 , R2 - Inner and outer radii of a sector of a circular tube in the reference 
configuration. 
R - Rotation tensor. 
S - Piola stress tensor. 
T - Cauchy stress tensor. 
te - Critical value of the strong ellipticity condition for the generalized Blatz-Ko 
material. 
U - Right stretching tensor. 
V - Left stretching tensor. 
{vi} - Principal axes of stretch. 
w - Ratio of )q to .A 2 . 
WA -The value of w at R =A. 
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WB- The value of w at R =B. 
W - Strain energy function. 
W; - Partial derivative of W with respect to A;. 
W;j -Second partial derivative of W with respect to .Ai and Aj. 
X- A position vector in the reference configuration. 
X;- Components of X. 
x - A position vector in the deformed configuration. 
x;- Components of x. 
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